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1 STLC HJ{SHLUERH

B, ERAEE — A A N SRR logical relation IX— 777K
BRE, ZEZLMA Simply Typed Lambda Calculus (STLC), i k—%
MNEEHY Answer ZRAL, EHUW NAYIEEFISARN :

Var > z,y,z = xz|y]| ...

Term>  t,uu= x|yes|no|zt|tu

Type> A,B:= Ans|A—> B
Contexts I Au= g | z:A
(x:A)el

F'z: A [' - yes : Ans I' —no: Ans

Nz:A+t:B I'¢t:A— B '~u:A
'-XMet:A— B I'tu:B

IXHEAY Ans KR BGAT/REA] Bool, ME—HIXFIRZREILER if KiH
o EHRIERZEZRMM —BARFRIRME: ZEFHL. 452 yes /2 no?
ATEN E, RH call-by-value Y S-reduction:

Value 3 v,w := yes |no | A\x.t
EvalContexts FE:u= [J|Et|vE

E[(Az.t) u] v~ E[tlx — ul]

HH substitution ¢z — u] EFRHER capture-avoiding substitution, &

M H STLC RUTERMZRAIRGMIE L 2 )G, BB e B AR —%4r

AIVERT, T ERIAN, FATATLAOER “ARUNEF A", Bk

E’%Eﬁmﬂ PAIERA progress BB, BIASHEREUN yes t . TEIERERIIN
JFEF

Theorem (progress). X TERII T —t: A, B4 t e Value, B4 t HE
MEsRAE, BITELE ¢ 315 ¢ v ¢

FATAT PAIERA subject reduction E, BIR{EEERM:
Theorem (subject reduction). YR T'—t: A Htwot!, LT HE: A
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EIRE AR AT DA X FRIK R SRAESEZR /RN ) faf B A g (fe
F— LRl RE TR B U N B R E A BL S (B, (B30, FAEAEIERA
STLC 25 HLaY:

Theorem (termination). Xf THEEN o +t: A, 71E v 1§ t wo* 0
IXH o FIRFIREZARI g

1.1 —RERWZA: BRH

N TUERA STLC AL, — MR B AR EBE 2L RIK /2R
WEATIHN, 280, X -SRI F & ¢ u FEPHVIER, BB
EHRIRIE, SFTAEBERRER] N, BB DI

o two® A\t
o U nFu

&k, MNFTFEIUERFEE v 15 ¢z — o] v wo [HICIRX IR
TYFZAIE RN FRIRITN, ATCTRUEHIX — i A ERIEAAR/NE A
AT, BN v ATRESWERIZ A, [z — o] AIRELL ¢ « BEEHE K,

A, FVRHITERIE? %R R TERNEIAS T, HFRIER
FIVAAMEAE R ERE, SRS 2 (AR FUERI, 15 RS,
BRI ST, M SEGENER R, X, “EHL (EnIaEL
KIE 7o AW ¢ o OREHLAENT, RN ¢ AERIAE] M o B0
o o RIS, BIERAU T WL U, TR
R

Ubad = AY.(Az.x ) (A\z.z T)

ARt w Y ¢ RIEEN T vpaa, ALt uw SR AMEHL XERE, InsasE
B, EOREANRIEFKET] "7 fEROER,

1.2 f#iH logical relation WEBHEHLYE

A2, A2 meiEZ “F” Be? M EmEETHerhIRATIE, HESER
A — B MEFRZEEA —EHIMITER, FAImE e IESER AT RIS EN,
WEENHEF RN ISR, IXEEZ logical relation HZHIHIF : FATAT LA
F— logical relation (JXHJ& unary logical relation/predicate) Va(v) B{
FoeVy KRR v 2= PNREDY AW " BME, TR, AT FEIE
BHDA N EHEIR] (FF8 fundamental theorem of logical relation) :
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Theorem. N TR o —t: A, HTHE v #Ftw v HoeVy

REE X, BARAZIEH T fundamental theorem of logical relation, 1
SRR TENE, £ FREXHEN logical relation V4, HRIE_EHMIE, B
AJ DN E X

© Vins = {yes,no}, Ans FRARIANX R F L 2 EHLIERTA]

e Vip= {Uf ’ Y, € Va,dw € VB,’Uf Vg o ’LU}O — “ﬁ?r” ) A— B
HUE vy, TEBAREE— “4F7 (v, € Va) WIS 0, I, BEMBIZHIIFS
=N I (weVy) BER w

H T BAFAITERIX A logical relation FIE X, HEEA A = Ans —
Ans — Ans, BIIRIEN, AILABER| Ra(vy) BHAE:

XN TAERR vy, vy € {yes,no},v; vy vy o yes Bl us vy vy o™
no

1.3 UEBH fundamental theorem of logical relation

FIIE H logical relation V4 (v) &, BLAFRZEUER fundamental theorem of
logical relation 1o 2R, IERH @ - Azt : A —> B IR Vaop B, BATHFE
FIA ¢ BIPERR, T ¢ 22— open term! FFLA, FRATEZEHEIE fundamental
theorem of logical relation M closed term $#fifE%/] open term, —“> open term
-t A RBEBHEIMEFRFI— DR T - ¢ K00 HER T g TR
BHh “GF7 1 value, t BEMIZXREENIFIFEH— “47 WE, ik, &
SRMFEFIEE K T SN EEFH— NN value” HIHRE:

o — substitution ¢ J2—1 Var — Value HY partial function, B &7E
B-reduction FHZEIHY capture-avoiding substitution HYZ2E ERRA

« BAIH 0,0 — v RRIE o FIIA—DHH 2 — o FBRGSEIRY

substitution

o FXAHE logical relation V4 #ifEE| context F substitution E: o e Sp
BEHRENTERR (z: A)el, z[o] eV,

FAIX—E X, #n] PAE HZHF open term Y fundamental theorem of

logical relation 1 :

Theorem 1.1. ¥ FEEKN T —t: A o e S, F1F v eV, #15

tlo] vt v



Proof. X Tt : A J4TI344:

e MR t=2, B4 (z:A) el z[o] BER—ME, PTCMEVIETLTE
UERH, MR4E S BE N, z[o] € V4

e« N t =yesort=nmno, It BEHZEME, HBWIEEN t € Vi T
SRIRSL

e MR t = Xaet!, A=A - B, BrET,2: A+t :B, HT
vp = tlo] = (\o.t') o] BEFLRE—ME, EHED TFIUEH, JFFZEIE
B v B—A> “%F7 BERTA],

NTEEN v, € Va, B (0,0 — v,) € Srpao FTLA, RIBIHIE
B, #1E v e Vg 15 t[o, 2 — v,) wo* v AT, MRIE S-reduction,
vf vy = (Az.t')[o] vy o V]o,x — v,] (KT substitution KX AIRES)
JERVIIIEAINEI o FITA vf vy o vo BRIEESL, vy € Vo R

N

° ﬁﬂ% t = tl t2; %B/L\ T — tl B N A’ T - t2 . AIO *E*EH?PWE}%&,
ty wo* vy Hovp € Vara, ta vwo* vy H Va(v2)o FHE Vo BEX,
FE v e Vo 1§ v vy wo® v T ¢ o™ ) vy v v, REUERY A
DAYA

]

1.4 semantic type: BHIZHIE XEXIH
AT, FRAIERRZEH 2
1. e RRIR S

2. FHIRHERAE X — logical relation, FIAFKATHBEZLAFIRIK
3R

3. &JAIERH fundamental theorem of logical relation, AR ERARYZE
IRTERE 4 BT 5T

IR ANRREATHIMGR . BA e T RBRGHIETR CEIARHE
BRSSP | FUERAE SR SR G B A IR R, 5Lk,
AR R AR OT: EREMATE SCE AL, XM SOT =, A



ARBNEHI RIS B ZHLFHE R, JofRuEi !

Ao, WRATER TR O SCRAIE? Bk, TABERAEEES: —1
KA R—DEE Ac Value, HIEEEE A FMERAME, BHFEK, ;K
{ITRTCAE AR BIAL S, AN, BefTTRT PAUE S IR

A— B={vs | Vv, € A, Jw e B,vs v, ~>" w}

AIAER], IXHESZHE REEREIA logical relation, R XBHIRATE
AR EEN TRECRBINE L, XA—3K, B ve (A— B) #BA3IZ—
A G BIREL, TERRAAIMERH, BATAT DRI context T & X N—1
substitution FIEEE, 1E1E I's X4 —2RK, open term FJEM I = A BEAT A
TE SN

(I'= A)={t|Voel Fve A tlo] ~>"* v}

RKIEERFNTE, FAHML T DKETIERAR fundamental theorem
of logical relation A~ A]BEAAN g HefhE X 7 st 2t 7, A2, UERARY LT
VERFERE THENE? B HATNIE, BAIDEIE X BT XH T & /a8l
g, B2, HITERARBIMN, LK E—PNRIKZ A EFPE
AL RRDA, FANTREZEH AR, (B 4n{r] ik BA R BRI FI T8 LAY
RAE B MINE? Xt 2B IERHAH 7T, R M APREE BK 1 %
B, MBS —505r, 28R T 7T DAERBAY MR, BN, PRERISRBIRLN -

Nax:A+t:B
'-MXet:A— B

S BLIXFERY — S e -
Vie (Ix: AEB),(A\xt)e (I'EA— B)
PATFEIERA G 2RI B — R G R ER, HIEAE G, K
fIIFERE#HT1S2] T fundamental theorem of logical relation: H T8RN

ERZIERARY, FRATAIFDX LRI S H A5 R B2 (EFARY. BT DA
MRIEERINA 2R A IFRIEI ¢, ERISETE ¢ € AL BEFRITER



2 M predicate 3l relation: UEBH observational
equivalence

FHEFATER T, @0 unary logical relation SRR IMIFIE X, UEAA
STLC WHENE, 122, R 2 unary logical relation, A2, “relation”
XN BN 2B T - BAEFRN “predicate” BGE “BRE" HINE
&, FEE, BRT unary logical relation, binary logical relation 124 JEH &
ZHIN A, ERHR R EIE RN TNRARE A TR, A
AR — DM BB R R iX — R

2.1 HIfEHS observational equivalence

MEFEM 2N RZFOH? XN FRBTES, Bl STLC, MG
MCPRIERELRNS 1, BT HEERMIES, SR EHRES, 1B XH
MU A2 1o BN, e NEIXHBRER

o 1
e let r =ref 2 inr :=1; Ir
MIBXARERE, CNOFAEN: BARKNEREZ 1, HE ZBE

P2 W I AEHY reference MEATIEDR, FERIER. B2, BERGFERN], X
MBI ZFH. RNE —BIEFP BT reference Z'E H O OIER,
TER R, BIG b, TAIEIEIN HXHBARE PR TARIAE AL ()R
BPRERINTERR)

AL, ROZAURRR P EBE T BT B ZEFITCEMI” We? $5E |,
XA TE T NEHI LAY FRE & IU/E observational equivalence, A T
7E X observational equivalence, FAITE B AEES NENEE — HRET
WLMEIEER” BIEAL, XANRBER /DN —FERE, 1 HRIFRER
Ao MAWERERGHE, BT— 79 Ans BIHE — DA A HI T
BRIt 2 Ah, A7/RBEE Bool HIHAEE nat 2R WAVIEEE,

g TSR 2 5, BANFEE X202 — ", “W” —
BIERF, B2 HEHEE DGR, ArCL, FATAT PAHEWIE A —4
observation context C[], B MHAIZRIEI:

ObsContext 3C[| := 0| Ax.C | Ct|tC|set C



BABEFEE N C[) BZEAL, BAIH T - CIA - Al : B FoR:
VIAFt:A),I'+C[t]: B

Hrr AT A BB R free variable FMIZ8H, C[t] FRRit
TR ¢ AR O WHE, [JE—PeERIRAN, T M B ZE C #
AR ERIEN G, BRIR78ERIEIAY context FIZEA, IILE, K
fiTA] PAZE X H observational equivalence t ~ u | o fRI¥ Ans 23RS
BRI HT-tu: A W4

t~u=Y(@+ C[I' - A]: Ans),

Clt] w>* v < Clu] w~>" v

IXH, evaluation context C SBEREMY, WA ¢ ~ u BERALMNMIERTC %
X7t # ue BEAN, XDESCRIUFHEAAN THEER, R O] 71 Clu]
AR —T7 4=, AR — 77 AL, T HA 2028 A RIRIEE SR R
Z, MREF—TTAMEN, 55— 77 W IAAEH L,

EREENE, XEX O #1 Clu] BR TMENLLASMYEMENER %E
i F M EESR, XKy, BIfEH _ERARER] ARSI — N E KR
evaluation context KX, Hl4N, ZE t=1FfMu=1r :=2; 1, Plnat N
WMEE R, A2, PILAEIL context:

Cll=1let r = ref 1 in []; !'r

KA PFEIRR: Clt] wor® 1, [ Clu] v 2,

2.2 observational equivalence 5 logical relation

B IR observational equivalence HJE X IEF B BMAF S EW, HFFIEH
FIEN M TCIRIEIL operational semantic T FRHBTERARS (51140 &7 21 3951
Flx~let r =ref 2 in r := 1; !r), EHEFEIE LIEH observational
equivalence 75 ZAMER observation context O[] #ATIIE, MiXEIEH A
MEM, FTRA, B TIERA observational equivalence, F%AI 7% 8 A58 KM T
H, MiXEtZ logical relation HizHIH7,

BE#ZUEBH observational equivalence FMERTET EXH “tEE C[I”7 B
#ore FTRA, FANAEEREAH — DEATHY, HEESIEIR R RZRRE ob-
servational equivalence, WHLZW, FKMATZEH Term ERY— binary logical

9



relation R(t,u) RAFF observational equivalence, fESZEEH, X~ logical
relation FEFEEX &N RIL I RIE X, 1E/E Ra(t, u)o

AR, logical relation R (¢, w) N 247 RAH2FERIPTERIVE? &5k, B4R
1%H1 observational equivalence ST, HERIELZ AN, BEEN— DN EN R AT
5 TUE, FTEA, Ra(t, uw) BIE XN L2 RERHY : B HERE A FIERIA
t u, MR observational equivalence ARFER 2 HB observation context C]

HIE, — R logical relation, EAREM AR observational equiv-
alence FFMWE? Jit, FATIFRZIUERA ENLICY

L R Rys(t,u), BBAtwo* v o uwo* o
2. R Ra(t,u), @9+ Clo+ A]: B, B4 Rp(C[t], Clu))

AR — logical relation #i /& LA LM A, HRAEWEL S observational
equivalence: IR R (t,u) BAZ, ARZATREIEER C[] MR b T A A
QaRAns(C[t]7 Chd)o*ﬁ*)%iﬁiﬂ@ﬁ@ 1,@25%% C[ ] oty < C[ ] v ¥ Vo
HT C[ BIEEM, t ~u RiL,

2.3 —T IR REAFRTERES

T T RAAE A logical relation HERA observational equivalence, JXH
R —TE R EEHES F6 . ©7E STLC RYEAL BIMA T B
R, DA — 2R, AR B REOHEES, HA T — 2R reference
cell, ERVIBIEATT:

N> m,n
Term> tuz= x|n|Axt|tu]|get]|sett
Type> A,B:= nat| A— B
Contexts [N'A:u= g | z:A
EREZEAIMNELE T STLC RYEERIN] (W —), FIMIRNIZ :

[' —t:nat
[' - n:nat I' - get : nat I' - set ¢ : nat

‘B operational semantic ZARERTIRAHY operational semantic, X
BHTHAE- 2R, TURSHE — D EREC SKIENFRA

10



52 call-by-value:

Value s v,w == n| Azt
EvalContext> FE:= [J|FEt|vE|setFE

(n, E[(Ax.t) u]) v (n, E[t[lz — ul])
(n, Elget]) v (n, Eln])
(n, E[set m]) v (m, E[m])

FAMRIAH ot RETR o HEBRHEZ K, HT call-by-value B
SRAEIRY, FeflToT DU I HT Tet x = o in o ZORM () fo R
HFF R R —EERE, XTESFEEES progress Hl subject
reduction PR, XEAEER, HM E—T—FR7FE, o AEHIXE
HIE S = ENE, T SHHIX —F L RmE ATEH, A, 8Tk
observational equivalence HHHY “WIINZER” KAELERINN nat, X[ 1EHIE
= HY observational equivalence FIZEREE XA o MFERNI T - t,u : A:

t~u=Y(@+ C[I' - A] : nat), n,
(n, Cft]) v (my, 0) iff (n, Clu]) v (g, 0)
FREIX EAFEERBIEAETE: KRZRE mi Fomy AJUIPHTE, 1§

wm T “MEE C))” BRIENME, FATATLAF observation context let x = [J in
get RN ERIR T BIRIE 2 5%,

2.4 %M observational equivalence 1] logical relation

WATE, AT DA A TR E 1 AR5 1SR logical relation
KA observational equivalence, XH & HIEHIIMIE L, HEWHE
NMAEFER R IEFE R, B, XFEREEEA EW logical relation, A IfE
EREE D “WEEMAE, BAHRENER", BITERZIRAE X value
B9 logical relation V4 (v, w):

« XF nat, Vi = {(n,n) | neN}: HAHEENBARBUEAFH
« XWF A B, FALL HNEMHEAGBIEN A E L™ D0

VA—»B = {(Ufawf) | v(vaawa) € VA> (Uf Vg, Wy wa) € RA}

11



ERAE Vap WEXHIRG, v v, 1 wp w, N2ME, MeRIAK! HIK
MAREREZER vy v, M wp w, FPEZNEIE, FAENTATRESARIE
H, TXEEIEHBAEEG TEA, AR N E ERIAF LAY logical
relation Rao W @ t,u: A:

Ra = {(t,u) | Yn,(n,t) ~>" (my,v1) and (n,u) > (mg, v7)

= my = my and (v1,v9) € Va}

XHEAM TESEVRMER, MRES ATREMENL, AFAETFHEZERK ¢ F
u MMEBFAIRGSE BB HRIFMEIVIRS, B L, Ra(t,u) XN TER
HIRIAEIRAS n, ¢ 0w = AAH R OB FE A LT SR ST R 45 3R

2.5 fundamental theorem of binary logical relation

RPLTUERH STLC {EALE B predicate/unary logical relation, binary
logical relation 125 H LAY fundamental logical relation:

Theorem. Y(@ —t: A),(t,t) € Ra

EBZT, XEEHLIFHAZIBENE: TE observational equivalence
B, t~t BEBABN, HZ, TE logical relation B, (t,t) e Ry BER
FERE X B, A TUER (v,0) € Vaop, FATTHZEUEIHN THEER
(Va, wa) € Va, B Rp(v vg,w w,): XBH v, Ml w, NEEMHEEFRN, MY
EEFMET ! FrLA, fundamental theorem of (binary) logical relation 75 Iff
?ﬂiﬁ]ﬁ@ﬁ;@%: BAFRIXAAMLIERATT (HERZEADUE) HHE logical
relation o

N TUERAIX B Y fundamental theorem of logical relation, ZRE{ELF STLC
AENLIERH, BT 7210 E R EE open term, B 5T, Tl 1€ X substitution
/Y logical relation:

Rr = {(0,6) | Y(x : A) € T (x[o], z[0]) € Va}
Rk, AT PAE X open term _EFY logical relation, 4NER T - t,u : A, HE

7N
RY = {(t,u) | Y(0,6) € Ry, (t[o],u[d]) € Ra}

PAE, FATAT PAERHSE%EH fundamental theorem of logical relation 1 :
Theorem 2.1. V(I' -t : A), (t,t) € RY

12



Proof. X ¢ ATV, RIZE T (0,6) € Rr:
o t=ux, A4 (v:A) el RIE Ry FIE TR

. t—)\:ct’ MH A=A B, I'w: A +—t':B, HT t E&Z—ME

I, %glﬁﬁﬂﬁ(ﬁiﬁ Value J:EI’J logical relation BIA], XFF1E=#

h_—:l VA (va,wa) E/J Vay Wa, ﬁ ((U €T — Ua) (5 €T — wa)) € RFxA ’o *E?E

JEIQW@XlQ ( [U T = Ua]7 t/ [07 T = wa]) € RBo *E*E ﬁ—reduction, izf%?
BRE (t[0] va, t{o] wa) € Rpo FTLMBIRE X, (t[0],]8)) € Varp

o t=tpty, BBAT It A — A Tt,: Ao T EENPIHRES
FRAEXS ¢ BRI, (n,ts[o]) v~ (m,vp), (n,tp[0]) o™ (m, wf),
H (vp,wy) € Varao HRIEX ¢, BIEGERIEE, (m,tu[o]) wo™ (m/, va),
(m, ta[0]) v (M, wa), H (ve,w,) € VAO AR Vaa BIE X,
Ra(vp va,wp wa)o PTEA Ra((ts ta)o], (tf ta)[0]) FAZ

« t =get, A=nat, NTHEENHIEINGE n, (n,tlo]) v (n,n), n,
(n,t[6]) > (n,1)o ARHETE S, (1,1) € Vaaro FITLANMET X (get, get) €

nat

o« ¢t =sett/,A = nat XS THERERIFIGHIRGS n RABITRIZ, (n, t'[0]) v
(m,v), (n,t'[6]) v~ (myw), H (v,w) € Ruuo RIBENIXEH®E
v=wo, M (m,set v) o (v,v), (M,set w) s (w,w)o FTLAMRIEE
X (set t/,set t') € Ryay

=

]

2.6 UEHH logical relation 5 observational equivalence 55
i

BARFATEHT fundamental theorem of logical relation, {HFATHYERZ
HEEUERA (t,u) e Ry A1t ~ u &t I, fundamental theorem of logical
relation & NATERERAY, B, FRATUERA (¢,u) € R HE t ~ uo SHRETH
NI AR, FRATUERRGD NS5 (3

Lemma 2.2. {18 (t,u) € Rpas, LN THERR n, (n,t) v (my,v) <

(n7 u) N (m27 U)

Proof. 1848 Rpae BIE X, (n,t) v~ (m,v1), (n,u) wo™ (m,vg), H (v1,09) €
Vnato *ETE Vnat E/‘J%S(, V1 = V20 ﬁﬁ[y\g*fﬁ‘glfiﬁﬁjo L]

13



Lemma 2.3. V(A - t,u: A), (' - C[A + A] : B), R3(t,u) = RL(C[t], C[u))

Proof. WISRZ™EHIER, FF24 fundamental theorem HYUERH—FEXT C #
17VA98, Hep, X C ="t il C =t ¢ BYIEHL, FTERX ¢t A fundamental
theorem of logical relation SR5EAKUERH, XBEHETZREER, RaHi—N1
T A e PRIERA,

BATRIPHAEEA Clt] E (\2.Clz 1)) (AA)e HHF £ 2 t/u KIS,
A HHY free variable £ C[] FRIEX (BT C[| #FRE -1 W7, %
O ¢ PRRERP E REMEIERFE) o 2 v = AeClz 1, R
#& fundamental theorem of logical relation, (vs,v;) € V(FAH A)—>BO A E X,
(AAL,AA W) € Vasao FTEA (vp (AALL),vp (ANA)) € RY O

Corollary 2.4 (soundness). X THEREHN T t,u: A, AR (t,u) e Ry, AP
Kt~u

A T UERA logical relation 1 observational equivalence 24T, FATIEAEE
UERA completeness:

Theorem (completeness). V(I' - t,u: A),t ~u = (t,u) € R
Proof. HT 22 AJERNIX EAMIER, $&R:

o SERUERH T = @ WY closed term IRAS, UERAAYFT 1@ XTI A it
TR, NT Ra/Va BIARRIZER, HIERIFER observation context
C|[] >RIERH

o FHIUFAA—Z5IM: WR t ~u, (0,0) € Ry, A4 tlo] ~ uld]o UEBHTT
IEFIFERRT o] ~ u]d] & XHE) O] #ATIHN

o FIA closed term Y completeness F_EHEY5[H, BIRIRE completenss
PHEZ| open term

]

14



3 parametricity H:—: abstract type

FERTE M T, FRATER T logical relation RKIEHEAI RG]
operational semantic FYFFIPERT, FAMI, logical relation HI/ER A IET
I, BIER] AR RIUERH—LE40 operational semantic 588 JLFRHYFEM ARG
JBie EAY, parametricity $iig—MARE F A MEZRIG T, 8 T RAMTTH
B2 parametricity (FIERIMDNEZN ),

3.1 abstract type

A TREN—DEZEENZ R, 7 — MU S T, 4
R BRE ) SERR LI >R, 1E ML RIERIE S, FFEH module
system REIMIX— . Hlan, —MRAVEFELEH, A DUHM FE module
signature SRF/R:

module type Stack = sig
type 'a t

val empty : 'a t

val push : 'a -> 'at -> 'at
val pop t'at > 'at
val top : 'at -> 'a option

end

FPEI T stack XML module AT PARE S AE Stack [, 1M
H, M stack FIETIERIGEARSLIIAEL 'a t BE X, WIEX Ty
AEISEEE, FHE E, ML R module system BYIXFNH, /& abstract
type FI—DEiAl, —> abstract type 15 :

. */I\Zr‘éi@ «
o a bFRY—EERIE /BREL

i abstract type B2 0] DL H HfEH abstract type $2HLAYHER(E, [H
TIEER o BNERSEEL, ArPA, fHH abstract type FIFEF HBEMH abstract
type TRELAYIRIE,

Abstract type B A L BRI BEHIYMER, R — abstract type
HIFTEBREEREE o FROEMER P, RARIE o FIEARSIIAR—E e

15



P, {#H abstract type HIFRFHE AT o h—EWE Po Hla0, FATAIEA
FAEEEF abstract type SRIZEN HIREL:

module type Nat = sig
type t
val zero : t
val succ : t > ¢t
end

module IntNat : Nat = struct
type t = int

let zero
let succ n
end

o
(@)

n+1

IntNat HVERSCHIF, ¢ = int AGATRER UMH, (HEEH Nat B4
HIBRVERIE ORIV — B R AR, (/] Nat FRRFICIREE] ¢ B EIRE
B, HBEEM Nat SRAEAUIRIE, R EITE B ES —E 2 R,

B2, ZANMAILRIE abstract type i /@IXAERIPEBINE? ANAIERIERE 7 Tk
A—Lem 7728 “faEn” BIHEA abstract type HYEARSLIN? XuiiT2Fk
fITERA—4% representation theorems ﬁ%ﬁfﬂ%iﬁﬁﬂ‘], fHF] abstract type
IR TCIEX 7 AR EARSSEE, 1M representation theorem HYZRIBUITERA,
FEFFE logical relation HYH7,

3.2 3Z¥F abstract type B STLC

T ERAMAE A logical relation FZIARFIIERH representation theorem,
AEE R FIERIE S, ‘BAE STLC BYFEERE EANA T abstract typeo
PRI, FRATASZF B E X abstract type F A, #EFTA abstract type

16



MR ERH — MR EE R, STLC + abstract type BIIEELI T :

Var 5 z,y, 2
Op> f,g9,h
Term> tuz= x| f|yes|no|Azt|tu
TypeVar s  «,f3
Type> A,B:= a|Ans|A—B
Contexts I[A:= g |l z:A

BA14E STLC AT —LE2680 &8 (. B), XERMLERRAFN
1 abstract type, FRILZAN, FATIEAMAT abstract type X MAJHERIE (f.
7)o N TIEH—EAEF ] 7L abstract type, FAMTENZEH 2. —D
B4 HE:

o —PRBITLENES, FRFTH/FE XL T abstract type. Abstract
type a Emﬁ% Y HEESNICE ae X

o —I 0p — Type HJ partian function, &% 7544 ¥ HAE X HIHRIE
KRR, #81E F HERER S HFERM ALLES(f)=A

BT822E, BN PAE X STLC + abstract type FUZRBIFIN] T,
B, TAESRRB R R RS S AR R4 A E

aey ' = A type I' = B type
Y+ a type Y I Ans type '+ (A— B) type

YT etx Y+ A type

Y- @ ctx Y (T,z: A) ctx
FORFAE BRGNS -
YT etx (x:A)el YT etx X(f)=A
Y I'ka: A “WIefA

YT etx c € {yes,no}
;' c: Ans

“Tx:A-t: B WI'Ht:A—> B IFu:A
. I'Xxt: A— B i I'twu: B

17



T2 S (TN AR R S LA, I E 155 2T N T
2L EE, ¥ ST -t AGET - t: A, STLC + abstract type HJ#
{EIEXHN STLC &6 X5, XEAHEH, AN, BIMNSmENIEAIS
fEf] abstract type ZAIMIRIAR. BATH Type, FoR T SHEMAAL R
HIZERY, H Valuey/Termy TR AL EEMRIE f HUME/FRIXT

3.3 abstract type HJSEEL

STLC + abstract type Y X &L T abstract type HI%44, HIESH
A LI abstract type AR S, BIMFEEX —1NEHL © KL
B, &4 > —PEW n GEfEn: X)) 2 partial function, TN
aeX, H—PEE nla) < Valuey, FH n, TATATLALTE X - A type
FIETEIAIK 718 X

[[a]]n =n(a)
[sns], = {yes, no}
[A4 - Bl, = {uy | Y, €[4 3 € [Bly. vy v~ )

AIDVER, XHEA [4], B2 — (unary) logical relation, '/t A — B
RYE SO IERR STLC EALNAYE Mo FEAIIE AT DA EE] context I
[T],, &— substitution FIEEE

[Fly = {o [ V(z: A) e T, zlo] € [A]}
BETRR, BATR - S & R RERE L
HFEA 0() = A, # 0(7) < [Al,
FMAHREH 5, AIDAGAFTE FRIER 18 X
[z], =«

[Ty =n(f)
[Az.t], = Ax.[t],

[t ], = [t]y [ul,

5= ,ﬁﬂ\]ﬁf PAUERAAN R #Y soundness EFE, B H M —4% fundamental
theorem of logical relation:

Theorem (soundness).
YT -t A), (12 2), (0 € [Tl,), 30 € [l [yfo] o o
Proof. 1 Theorem 1.1 2&{8{ O

18



3.4 H logical relation & representation theorem

TAE X THELHEM, N, %HEQNRIAHUER representation
theorem T, FRAIFHEBEUERH, FFEILIESPF— abstract type BIFANH]

representation,

B, BAFEENX “Teiz=m e’ i bE—T7H observational equivalence
e — MR “TEE P 1E X! 28R observational equivalence HYME
%, F Ans BN “WLMIZSE R, FABZ., representation theorem HEM i FH,
EMZRAEN Ans BIFRIAR, TE abstract type PN FEIREE RERREIS HAH IR A
gE5R, FTLA, representation theorem AJ PAGHITE X

Theorem (representation).
V(mi,me : X), (@ t: Ans), [t],, " v iff [t]y, " v
(HSix e #d e 7, Fr DAL, B MBS e)

WMRZAE A APNEIERIX A E M, SHUERH STLC =N —. H
TR G BN, FTCA, BIFEME— logical relation SR AnsE
XFEHE, fEEM closed term $HEE] open term RIEAIERH, XEIBTRAIE
EHEMDNRIEXZEIIRER, FrDAIRMTZMIERZ— binary logical
relation Rqo WERHHIER G —2, BLRIUEBH fundamental theorem of logical
relation:

Theorem.
V(n,me: X), (T =1t:A), ([[t]]nn [[t]]nz) € REl

IX S E P E B RN abstraction theorem BY parametricity, KN ES
REANTE S HEY abstract type BEIZE “HRM”, TES X abstract type 1Y
EHZ “SEL” 1, TEIEXN abstract type BRI SEEH A RIALEE,

3.5 parametricity Y] logical relation

Bk, BATRFEMIEH logical relation Ry BIF], {HZ, KM A
AIREELE abstract type o, M H. m F1 ny AJREX o BARRPILEL! A2, K
Nz E X R, WE?

b, BANREELPHEREEARSIPZE “— 1, Rtz
R, RIEZZAPHEERE (BB (HifEIX—Z KM logical relation

19



AIREETRZ., N T UHH abstract type BFSEIIERTCR B, BATHEN T
{EEIXHFER logical relation, #BREIUEFH representation theorem, FTPA, FAl]
EHRAFEEN T “GF” W logical relation R KAt 28,

HE b, AREEEHRTTRILUE X “4F7 Y logical relation, fEUE
BH STLC 1EHLE}, logical relation V, HSZHWES X!

o Vi AIDAEE—INEREE B, Value BT predicate

o V4 WAIPAEE— Type — P(Value) MIKER, HA P BRI
o XA AE AT NI T — MES /predicate 1ENTE X

XN TF—ME_LEH binary logical relation V4, [FIFER] DA RARR#RIEE:

o Vi AIABEE—NBERAE B, Value LAY binary logical relation

o Vo HATPABEE— Type — P(Value x Value) HYRKZER, iXNERE(R]
PAE & B 2RBIK T — binary logical relation TETE X

Fft DAMERH representation theorem F3%2fY binary logical relation Ry, HAJ
PAE B — D4 KU T 18 A R — R € X abstract type HYSEIR H
FHY [A], —FF. TN T4 abstract type RTIE X, EX V4 BEAFEEFR
Y B, HAE, IXPSE SRR binary logical relation
MmAMERES !

K=K, Vi BESGIM [A], JLF—R—+ T, 55, FATEX S 1
—A (TE miv 12 ZMEIFY) (binary logical relation) SEEA p:
WER p e Re(m,m), WMAKNTED ae X, #H pla)
m(a) x nz(a)
Z87E ]~ abstract type Y (binary logical relation) SEER p, FA10] PAE
NHETERRAE) (binary logical relation) WX V4 ({H) #1 R, (FRIEHX):
Vi < Value x Value
Vi = pla)
Vins = {(yes, yes), (no,no)}
Viop = {(vp,wp) | V(va, wa) € VY, (v va, wy w,) € R}

R, < Term x Term

RZ = {(t,U) | El(’l],w) € Vﬁ,t s ¥ v and u VNS w}

20



K, TAME R BUE IR REIRIE B XM T “4F” B logical
relation H, “FAHHIRIESBIRRE " BIHRI:

XE[‘:J:/I\ Z(f) = A? (n1(f)7772(f)) € Vfl

flan, s x> HEH— abstract type o F1I—NF&E ¢ a, 0 Fl n, EHE
o f#RA Ans, fH n(c) = yes. m(c) = no, IBLBBIZA (yes,no) € p(a)s
RESREE, — “U4F” B logical relation p € Rs(n1,m2) T2

e NTEMNaes, A pla) < mla) x pa))
« TN Z() =4, F (m(f).n(f) Vi
Hrp, Vi 2 p R 2R EBREIH logical relation,

3.6 fundamental theorem of logical relation

W, AR EEE—D T &K fundamental theorem of logical
relation, fEIMZ AT, B 7EIRATEIZIRIH, 2 logical relation #HFEZE] open

termo ZRIPLT observational equivalence H[Y logical relation, context HYi&
SOBEMAS substitution Z[AIAY logical relation:

R ={(0,0) | ¥(z : A) e T, (x[0], z[d]) € V4}
PLE, FATAT PAFFERUERA fundamental theorem of logical relation 1 :

Theorem 3.1. X TEEN pe Re(n,m), T =t: ARH (0,6) e R., B
([l o], [t]ne[0]) € R

Proof. BEHeAT ¢ ATIHANBIR], FIZATHIM D fundamental theorem JLF-
WEX, 18t = f BENERESEH R e Relx(n,n) HIEXRIA] O

UEFH T fundamental theorem of logical relation f&, FXATTAT PAUEBAANTR
H55 LR representation theorem:

Theorem (representation).

V(n,me 0 X), (@t : Ans),
if there exists p € Ryx(n1,m2),
then [[t]]m o iff [[t]]m ot

Proof. 1848 Theorem 3.1 F1 V. _ HIE X O
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P B AT A AR 2L Y representation theorem, XHBRIEHRAZH T
—gEE g My ZIEEAFTER /D — relation R € Relx(n1, )00 1HIE,
AEFE m M ony ZEFFEZRD— relation, HldH, ZE—1 abstract
type o, BB NAIHERIE:

c:a f:a— Ans

W2, AEIBISEIAI AL (f c) : Ans TR P AFEBIME, MmEHXAD
abstract type BYFEFELEEMLIM H PN DSEELAIANFE 11 A, BRI NSEER
W logical relation HEFE —EZLER, tHESHM,

BIRAPZRRHIAY representation theorem J&NEKAZHY, (HEFRATAT DA
FRZ BRI F, EAIREE N fundamental theorem of logical relations
MR—N1NE% ¥ BREEAERE, AR DNSEI gy 1y ZEHED
AT DABRR R . B p(a) = ni(a) x n(a) BIR]. XEWKE, HTRAEEM
BlE, o WIMEMEES R TTIE P, B —MeH, R E EEE N
Al — ... — A, — o, WELEBRATFIHZZPRIERIETTIENI— abstract
type B9, BB EIRER] AUERHAEAR N SCERER /2 related HY, MUERA{EAR
PN SIS TEIE X 97
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4 parametricity H .: theorems for free

Abstract type [ parametricity FBIFA T EHIERA T abstract type H
K2 “HhR” . TR ERSINERZTCZE P, 2R, abstract type
Y abstraction theorem HHKIATRE T logical relation, IfFXSEEME LA
BSER A —E R,

L, parametricity A ¥ EH#%, B “WBIE” IR, Abstraction theorem
ERT abstract type B, T4FRATHE abstract type B &, 15
S polymorphism, parametricity AEHFBIFRATIE 2 AR —L gk
WEENMR, mMH, XEHRRTEERUATEELUBAEIERH: X

1E2 “theorems for free” S Y,

4.1 —T1H¥MAF polymorphism MiES
A T {878 parametricity 5 polymorphism FY&EE, AT HEHW FHIES:

Var 5 z,y, 2

Op= f,9,h
Term>  t,u:x= z|yes|no|A\xit|tu

TypeVar >  «,f
Type> A,B:= «a|Ans|A— B|Va.A

Contexts I[NA:u= g |laz:A
TES HSRAERMNA STLC —FF, RBURINIAN T :
YT etx (x:A)el YT etx c € {yes,no}
'z:A '+ c: Ans
Fz:A-1t:B '-t:A—-B Fu:A
'-Xet:A— B '-tu:B
't A a ¢ FTV(D) I'1:Va.A
I'—t:Va.A I't: Ala— B

Hrp A FRY substitution Ao — B] BARERT capture-avoiding sub-
stitution, FTV(X) Fn X HHFTH H AR, IXERES HUSINER
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second-order lambda calculus (JI_E—"PAEEA] Ans) . B EA progress.
subject reduction SEH114:,

4.2 138 logical relation H—: SZHI{EIAIAL &

Parametricity MiZ 405 polymorphism 557 &M — 1 —4FF: {2k
A — binary logical relation, 285 Va. A WX “MERE S TERY binary
logical relation” B —EME TR, DA, FefiTr] LB G E ZI E— RIS,

B, BAIFEE AHEE X “sLfife” AR Ry —
DNERRIZER, At FATERBEREN “closed value IS, £ Value
jjﬁ'ﬁﬁ closed value IR &, 2 7 : TypeVar — P(Valuey) AN—PMNRAEIL

BEF closed value BEEAIREL (FRATAIOAEAA & A] I 235,
ﬂ%%ﬂ%ﬁﬁﬁ&?ﬁﬁﬂﬁ\ n Y domain, XHN T REE LA AM), AB2:

[A],, < Value,

[a], = n(a)

[Ans], = {yes, no}

[A— B], ={vs | Vv, € [A],,Jw € [B],vf vg ™ w}
In =

[Va.A], = {v | VV < Valueg,v € [A], av}
FORTE L 20, BAHE [A], MERESIHRIIFRIERNES: t e [4],
BEEE Jv e [A],), t ~* vo XH Va.A Eﬁ%?mth%&ﬁ%‘%ﬂ’]“ﬁ 5. B

SR METIIE o BR300 (R V Valueg), v #BZ4F
[, B2 v FENZERT Va A RIEREFHY,

X [A], FFZERE— (unary) logical relation f#FE, FFCA, AJ
PAMEBAAN A fundamental theorem of logical relation/soundness:

Theorem. Y(I' -t : A), (0 € [I'],,), Jv € [A],, to] ~>* v

4.3 HJi8 logical relation H —.: type as binary logical
relation

G 7 SEHE RIS B 7T B R] DUF A EE KK : binary logical relation
HIME T FIRT——FE, BATRA “GENIEAMM T —1 binary logical
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relation {EANHIE S BRI, NTFA n1, 72 € TypeVar — P(Valuey), B
fI1Z (A (binary) logical relation & X A :

p € R(ni,ne) iff Yo, p(a) € mi(a) x ma(a)

R, NENRULE o, R HIRMEET — logical relation, ## o
£ m. e PEERER, TH, BE—1 pe R, ne), BAITURRER
R KENHE nis ne PIVRBRIERER

Vi = p(a)
Vias = {(yes, yes), (no,no)}
Vip= {(vp,wyr) | V(ve, wa) € Vi, (Vf Vo, ws w,) € R%}
Vi, 4= {(v,w) | YV, V5 € Valuey, VRy S Vi x Vi, (v,w) € Vg,aHRV}

R, < Termy x Termy
R = {(t,u) | I(v,w) € Vi, t ~>* v and u ~>* w}

AR, TAHE [A]lr MERESIHRZIFIAAES, XH, (vw)e
[Vo. A] g B binary logical relation BYE AR : X TAEMEXRIE—# (Ry)
FZEALSCRE] (Vi Vo), v Hl w BRRERRIE R, HAT, XMNEXER
SR, BATHEE, B2 [Va.A],, BY binary logical relation AR
BERMR, TMMZEE Vo Alr NOH, FELZAT, FRATECHTE Z U

fundamental theorem of logical relation,

4.4 fundamental theorem of logical relation
Mz ai—FE, FATESEH logical relation #1EZ! open term:
Rf = {(0,0) | V(z : A) e I, (z[0], x[d]) € Vii}
R, FATERFUN R fundamental theorem of logical relation:
Theorem 4.1.
Vi, 12, p € R(ny, ), (I =t 2 A), (0,0) € Ry,
(t[o], t[0]) € Ry
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Proof. X T -t : A IHZHRIA], IXHEE/RH polymorphism FHICH P FH
TR

e A=Va A, Tt:A H a¢FTV(), HEMLEMN VL,V C Value, fl
Ry € Vi x Vo, HHT a ¢ FTIV(D), BB (0,6) € RO {RERAK
o PR, MIBIAMEGE, & (t0],t[0) € R, BT Ry BEE
[, HRIEEX, (to],t[d]) e RE, o

« A=Ala— B], T'+t:Va.As BRIBPNKRIE, A (o], t[0]) € Ry, 4o
R RC@.A’/VVPOL.A/ E/‘J%X’ 54 Vi= [[B]]m‘ Va = [[B]]nz\ Ry = [[B]]R’
A3 (t[o], t[0]) e Ry 1PlR,

IS AN, A ZUEA RY FZEAYAE B substitution Z AT
8 [B]
RZ[QHB} = Ry" !

FILL (101, 110]) € Ry o IXTEARTRITEEIER A

4.5 theorems for free!

BATAEFRERIRIE logical relation, HERA fundamental theorem of log-
ical relation HYIMIEM T —i, ME—MIHTE, BLE logical relation BA “Xf
T2, BHEFNER 7T ASERES] T polymorphism b, 1ERA
fundamental theorem of logical relation f&, %% & E ZHF@ 1 : 404
FIA fundamental theorem of logical relation/abstraction theorem UERA F
AT ?

LEFRATTM— MR IBIFFFUE, ZE—ME 2 - v Voo — a0 WKL
2, CARATRER B 1d = Ao.ao AR, BEEIIATHEREDR? (IR
WAL, (B2, SRR P S HIE X — VB ? IX A A parametricity I,
BIE—N O F via : Va.a — a, 1RYE Theorem 4.1, B (vig, via) € V5, ,,
(T Voo FORH HBXMAR, R EXEE) ., Tk, RIOT VL,
HIE S X TAERIN Vi, Vs < Valueg, Ry € Vix Vo, H:
V(vy,v2) € VOO RV (v5q vy, 019 1) € REOTRY

<  V(v1,v3) € Ry, 3wy, ws) € Ry, 0394 U1 o™ wy and viq vy o™ wy
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FERIXERY Ve Vo M Ry BRZERER! FRBL, e — 13 B fn—4
@ v B, TATAIDAIIELN FHY Ry

Ry < [B], x [B],
Ry = {(Uo,vo)}
(v1,v2) € Ry < v1 = vy and vy = vy

RANIXD Ry, parametricity &5 FFA7:

* *
V(v1,v2) € Ry, 3(wq,wy) € Ry, viq v1 vwo™ wy and vig vg v ™ wy

S Vi Vg T

m?ﬁ%ﬁﬁ, B o - vy : Voo — a, F—E B viq = 1do ﬁﬁlx‘)\, 2K
R Va.a — o BIRERE id —!

X, HMEL ] PAEF| parametricity BI5RAZAL T o XFRAHN Va. A
FIFRIRZ, BT ARA—"MERER binary logical relation, JBEIIMIE&IE
H logical relation, LRI DARARERBIGRIRZ “tk” B, Hlal, &
AT DAUERHAN Y “fgh” w3

o NFEEMN O f:Vaa—a—a, @ v,v: A, B fuvewa*
ﬁfvﬂ&w*w

o MTAEEM @ - f: Voo — B, WF o ¢ FIV(B), TBaMTAEEH
Gruo,ve: Ay B fo=fu

o (BEFESHIMAFIRIE [AD) NHFEEMN o - f:Vao] - [of,
oA, fo—ER v PCENEFHAIHE, X— 50T UHM
R E PR -

gfof=fog"

Hrf g* K% g : A > B MHBI—MHIRNEDTE L, 22—
[A] — [B] K%K

o« NTHEEMN @+ m : YaB.(a —» B) — [a] — [B], —&FH m =pog*
Hfg: A— B, p:Vala] - [o] BIEL—%F%, XA p 2HRES
TSR TR ER A E)
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4.6 parametricity 5 lambda encoding
FIH parametricity, FANTMYBESEIRZ R EEM, ] DAIERH—L&
X\ R G WEHRIEBIRY 77 IR IR, B, #EAm/RIEE Bool,
‘B church encoding 1R :
Bool = Va.aa — a — «
true = Az \y.x
false = \z.\y.y
(if ¢ then uy else ug) =t uj uy
FIH XA encoding, FATTA] PAHEEA Bool HIFE/FRIFEZIZHE Bool HY
polymorphic lambda calculus, R, AIUERA Bool = Va.ao — a — o H
HEH true Ml false, HHAM “FiF” HITEIR? XETFTHE parametricity
1587, M parametricity, FJPAERAXNFERD o - b: Voa.a — a — a,
b vy vy BOTE v1, BAIE U0 FTEA, Va.ao —» a — a FHISERE true
false, P, HA lambda encoding HYIERfHE ] PAH parametricity Al
DALERA :
Nat = Va.a — (o — o) —» «
List A=Vaa—> (A—>a—a)—>a
Ax B=VYa.(A— B —a) >«

4.7 —EEZHIN parametricity BJE S MG

AT HERIIES A parametricity X—M 5, H2Z, TEEIES AR
{#i /& parametricity, A —2RE WHIESHIE, SIS parametricityo

% — Ml F /& polymorphic equality, Bl —NZSBILLERKE (=) :
Ya.a — a — Boolo, X Va.a — a — a IXNRANZH parametricity, A PA
HIEET RN EERE: B0 A\ \y.true, B20E M\v.\y.false, A,
polymorphic equality IR —DNEEEREL FT LA, BESWIA parametricity,

B _BIFIE type case, BITEZ SRR AT 73 KL HIRE
1o Blan, RN
f=Auz:«).case a of
Bool = true

= false
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@+ f:Va.ao — Bool, FR#E parametricity BN & — NEEEE, H
SR BB E. BT PA, type case Q22N parametricity,

—RRU, RN AFREAE AFRITARITE S HIEEERBIA para-

metricity, MIR—MESHENAFEPREEE “—H WTH, BLER
AN parametricity,
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5 Kripke logical relation 55 step-indexing

258 2 T, BATIEA logical relation AR T —MNEEIVEHIE S HY
observation equivalence, AT, X[ TES RA—MHEHREITEE. TLH,
IAEIE S SRS AN reference, T AN AR reference 1Y
BN, FTEEEIED logical relation ¥AfEH Kripke logical relations

F M-calculus A reference, JUHIEZEH KEH reference, =FEH—
LEEIMIER, Er DIEARZAHEANIE S P ERZEIEE, fla, B
TR EL fact A] PAF reference BELFESLIN:

let fact =
let fact itself = ref (fun x => 0) in
fact_itself := (fun x =>
if x =0
then 1

else x * !fact_itself (x - 1));
Ifact_itself

XA reference SEEIE T 7T RN Landing’s Knot,Landing’s Knot
HFETERIRE, AT reference HIE S ANEHENL T, B4, TERGIRERIE X
i, WEEBE—LERME, Mg — R ER—F 78 step indexings
'BAE logical relation HYE HIIA—/ HAAEL index, FnFdl FAIHUTHEL

ARTRE A= 152HF reference IETEAIE T B, /T4 Kripke logical rela-
tion M step indexing IXMNFHEEZHIMIE, HTRIEFTERHAI reference H & HY
B, ARTTHIER logical relation FUBATRBI ARG IVIE X H—MA, M
HARREFH—EF AR (FIATINIES A —EETD,

5.1 —[13Z¥ahBEE reference WiES

PHASHATHRESIEE. ESHFaS0IE AT reference, X 'E
(IEAT BRI E, T H. reference ] DAFIEERZEAY, HE B0 HAth
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reference:

N> m,n
Location 3 l
Term> tuz= x|l|n|reft|lt|t:=u|Ixt]|tu
Type> A,B:= nat|ref A|A— B
Context> I'N'Au= @ | x:A

FRBEIBETIAT “WAFMIL” | € Location, XL ZTERMIE
BN EREERIRY, AREHIREER P SRR B, 18 SRR ST
Values ov,w:== [|n| Azt
EvalContext > FEu= [|ref F|!F|E:=t|v=E|Et|vE

S € Store = Location — Value

[ ¢ dom(S)
(S, E[(Az.t) v]) v~ (S, Etlx — v]]) (S, E[ref v]) v (S[l — v], E[l])
S()=wv [ € dom(S)
(S, E[N]) v~ (S, E[v]) (5, B[l := v]) v (S[l — 0], E[0])

S € Store BREFPUTIN A iE=ZE], M Location Fl Value Y partial
function RRe dom(S) TR S HEELAINFRINE, S[l — o] KK S H
I AR BB v (SEIF B ETE ref HISRIERNIH, BAMRIEE
—MEE R 7T AR EL— R EY. NME S RRIAERE, OTie | ACRAE
SﬁﬁﬁﬁﬁwoWﬁ@ﬁ—ﬁﬁﬁﬁ%%ﬁﬁﬂfﬁﬁlmo,ﬁ%?
ML ) unit,

— L WAYTE S WIE ] DX B AE S A TELL, fI40, let = ¢ in
u MRIRAT AR (A\v.u) to TNRFHAT t;u ATPAZRIRON 1let 29 = ¢ in w
(wo LE u FFHIBD. AN, BIAE AAT DU Landing’s Knot X[ TiH S
HISCE, let rec f =t in u AJPAFRIRN:

let f =
let self = ref tgumy in
self := t[f — lself];
self

nu
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/E\:EF[, tdummy IEI%_‘/I\;'@’::IFE*H f —ﬁﬁ/ﬂ%%}f%ﬁ@1ao

ATTHITE S RRBRE 1 Y STLC RYREURIN 4R R, X B 15
AR, TERHNE | AR R AN, ROy eI = e A
IR,

'—t: A '—t:ref A Ht:ref A 'Fu:A
l'—reft:ref A Lt A '+ (t:=wu):nat

AR EIREE X — logical relation Ry RFE/R “ZBAN A WEFH
H/RIEA", Ry WEXFEETNRURAGAIE O THAMNIRIAR, ~—
TERESFHIREZEAIME A,

5.2 {HEZHIE Kripke logical relation
FARTTHIE S E X logical relation HAE —HFRIAINE, 1B R
logical relation $2HI 741 FAYEEK :

1. — PANFEHE 1 252 U BT ERAIEMMEE=SE S hE%
‘Bo FTLA logical relation #AZ4E S W9 A% &

2. RAAGFRBE AL —MHBERIREL, FrPA, — “4F7 HRIK
Y reduction AN I 2 il 23 AT HY 2R AU
N TIERER 2, BAFEE X —MEESAEE, FHAIFERRE
SEC T WREE NI, B AERIE E R E R AR, FiEEERE
Al @ B X MWHIBERIZE ALY partial function:
® € StoreType = Location — Type
N TIREK 1, logical relation N Y7E XK VE BT —MERS
= TN, MUEBRRA CEBMCHEEE R, IAE, BAZRE X
logical relation V§ ({H) 1 RY (FRikz), &L, M VE HEa:
VS < Value
Vae =N
Vies 4 = 11| ©(1) = A}
Ve p={v |V 20, weVi vwe Ry}
Hr & c @' (9 20) BHRENTHEER [ € dom(P), (1) = (1), TE
Vaop RIENH, 28 w BEDAEEEZR & hatinl, X2RD,
— ™ BRI B B S P A A7 2 TR 2 8 R ISP R A i RS — e AR I, 3114
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let f .. in
let r = ref 0 in (x FHETMEBREZ T ! *)
fr (x 8 r ERTENFEZSEEAGEE X! %)

B2, TATER & < &, XFRE [ T N ATHE A 2R itk 26 58 FH N —
TEHRICAE, T H2RAY A M,

IR, RIMEFEENREREN RS, HTIES A —EEI, &
MTHRZERIEAEHIN RIXKBES PRI R, Rz Ab, BATETEE X “—
MEgEE S BRA 07 BHRET 2, # logical relation fhfEE| @ f:

RS < Term
RS = {t | VS e Rg,(S,t) |% or (S,t) I}
(S,t) |2 iff 3O’ 2 @, 5" € Ror,v € V5, (S, t) wo™ (S, 0)
(S,t) ) iff BS v, (S, 1) wo* (S 0)

Rgs < Store
Re = {S | VI € dom(®), S(1) € V3}

XEL (S,0) |8 TR (S,0) 16 & R, FAEAHRAA A LY
LERL(S,0) | FOR (S,6) MRl TR RIS T A2 Al A 5 B 7 1
reference, FOAR PTG EATRESTE— N RRIMITFIEEMSON o B, {8
BAVER & < &, XA FUFIHITRAERSBA I HbE, thRAE
s — A PRI i AR,

X B logical relation FLERFTHEIJLTH, 27— 128 ¢, XHSE
— R — %M logical relation, PUYE Kripke logical relation, Kripke logical
relation 1, BH— “AIREAVHSE” WImFERE W, HTRREEPNEE
B, RAEIE AP ETER — NS, W ERRITRER w < o' FR9 “Alik
P, BRI w BRSNS o's EARTIH, W = StoreType,
T RFBE ® < &, StoreType XM [ 2= S X—IEER N EERIE
NOREE, T “TRERS SOtk B ik 2R A7 LR, GNREEFREM
S:®PATE S ¥, Bi—EE ¢ < P, RXFFARIRMEXRRNEN,

B TAlREMMHES W JG, — Kripke logical relation F/&—1M8R5MA
R w NSEY logical relation R, Kripke logical relation 5% & 5 AJIA
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P AR —MEAE S w BAFHY, IALEATEREMN w ENERIHSH o > w
W, BRI LR,

Kripke logical relation 2 —MMEHBEHNMIE, JLFE (RS2
#B) logical relation &SR] PABAE Kripke logical relation, I VS 5 BIHY
&, [FFEE—DE — MM E —Kripke implication BY5#I, A XHYfETH
/48 Kripke logical relation HYIELAHN FFTEIECY:- & o AT S TH
B L TETURSE AT reference FITE S HY logical relation 18 X,

5.3 X—MiahE X!

TERTHIL Ry BIEXH, “S(1) e V3 X—&KMFHIEEIT ¢ Hd, X2
BHE, FRNBESH A ref (ref nat) XFEITRERMPIFLE, MidixLt
RIMIE I, PIREFREAE @ HEKR EEZ R, AR, XMEBZREHTE
ARG, 52 F, E—/NE X/ logical relation JE NFELER. TEINE
X, EH:

« Vip BEXHHZIT RE
« R} BUEXHREIT Re

o WIRFLERA 1 #18 o) = A > B, WL Re HESRTEZER
Vi, TEBAESRE X!

IX—JEIAE X AHA] AN GG — DA BRI, TERT—/ NI E N E, © 4
AL 1 TR PR — N EIAEE A € Type, WIRFMSIR 1.4 BIMGE,
WA DAE @ a8 il | P — D SORRAY, TE SRRBN TR 2% RS
IXFERER & /predicate, % SemType Fo/nid AYRAL AR 4

StoreType = Location — SemType
SemType = StoreType — P(Value)

K4 SemType X1 @ HlE LI, FrlAE 2R A KEAYZ —1
StoreType — P(Value) HJEREL, {2, XEMKE StoreType il SemType /&
HMEF, MiH, StoreType fE SemType HYE X H HIMTE RIS LRI
B XA R IR A9k S, e,

XHTE X logical relation I HIIIRIIEIR, 22425 MEAUHSEAT, Bl
an, JeERAIRY A-calculus H1, WUERZG N RROVREL, IR FRIAAIE
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X D ¥ e D =D — D, IXBEEY D 1R, [RIFEE RSN
BIEE T HC . MmARATEA, TR A-calculus & MEHLHY,

HH52 |, Landing’s Knot HIA BT RIAEZIX BAYTEIAE o E2HN
StoreType 1 SemType Z HEIHIXAIEIS, A FEIES H ] LA NMENIRIRE
R ATDUS TR, M H, HATGX MR logical relation & S,
TEFRIGHE A B BRI ATIE X, T Landing’s Knot A 2Rt/ I0IT 5 H%
HY reference SEERAY,

52 1 ARRRITAS reference AT DATZ AP, FLALVE reference
Hi {7 fig —Lef B py 2R SR R B Hith reference #XAFEFE reference
o BB BB logical relation LA FRELEE] &, A AEEEE K
Va, MITEEA logical relation FYE Xt AT DA R

faj R A . (gAY R - HAWRA (reference FIEA
30

BT E X, FEETE. HT reference FSFHREFEEKEL, Landing’s Knot
BHRTT T o SO FAE KLY reference HF_EIRAYE 7=, & & #2574 higher
order reference B¢ general reference, {H7ESEZFRIE S H, higher order reference
AR, FTDEETR, RITTREABUM B step indexing FIFITE
X H} general reference HY logical relation 1 X,

5.4 M step indexing f#JF Landing’s Knot

AR SZHE general reference HIES A Landing’s Knot, A RETMEHL,
'EHJ logical relation & SRR ek sitE i, FrBA, FRATT 00
Landing’s Knoto A, FATATPAMN “AMEHL” BIAEATF

B — BRI REAMEALAIRE S, FATIROZAN AT e 2 SEHL? fEHLR]
HUEAAPAER, BATEEERRBEIER, AR, BISChE WRER: ik
Bl —BiE, BREAIKREMD. WERTEIXEN NP EIIH S
GERT, MLeEHEREIR, BEARE, HUREEXERNENRES
HEER, 2 eH TRERRIAMENL, A TR R T2 2 N AR HH SR,

GRS EEAX IR, B E BN AREFRTIRE — 1

PR RO, TSR ok, BANGREE — P EBERS £, W
EREGTE £ BRI NEER, WERAE, MAEFEI. HERARE,
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WA AT RE R T 2 8 2 HOREH Lo

HER a2 B2 R HRE, T AR 2 SR A 8
o (B2, WNSRIRNTEERITERE P AR D BIRE FRIFT VRIS, WisErS
FIREFHEEITN: R PEFEETERIP RS & NETIAGHEER,
ML ERE] . S, B, FHREER D DEIRG] £ FAHEER,

A BIR B BE A T 2 B2 7 ENAT N, BEIEREM T##H Landing’s
Knot, FUEEIAE X! FIERE#H: B 1R THITE logical relation HIE X
{945 I SE N — NSNS BRI S8 GO “step indexing” JX—%
FHIHSR) . #THR, RZEATRRSFECMENAVIRIFA SR AL, FATmiee
SEIE X BB ATIA AR A X H logical relation !

fZIIX — RS, A1) AE T 2 0E X logical relation, Nk, B
FEN—D “WE” WS, XH, AT “BE reference FIREL” 17
HEHIME S, H (S, 1) wok (8, 1) TR (S, t) BETEMEM & IXIEEL reference
BRI (S, E[1]) v~ (S, E[S(1)]) BVEGL R RIER] (57, ¢), HAPEE X
HRATRERY, HERIES 5 AMENFTEAEE R DT E—P IR,
an, BE#HH reduction (REUE N EAZTITH,

B T HEINES, Brl IFFGEE#TE X logical relation 1o BATE, B
R logical relation AT Vi /RY* o BATAAHIAES A logical relation
AT = “DRERG” BIZEC ko BAURIAE L= logical relation:

V¥ < Value RY" < Ternm RE < Store

FAERIR 47 BE. RIEXFEFEEZE, EMNNEREXWNT: B
TSk RN, PARIERM logical relation Mffil, ¢ € RY" HIk
&, WRENTE & T ¢ YH—DEEN A WIFRIRIERK, A2 kB
TTZNALSTENFRIEE R, I, FATHHBIE L& logical relation HY
BAKE N, BE5E, {HM logical relation V;I;’k HE AN

Vok =N

nat

VEE = (1] (1) = A)

ref

K 'K
Vil = |V 20K <kweV]{" vweRy"}

VoE HE R B —FE, Reference MBI HSIEAE T RE H, VI,
HE X KRE TR, EFEMTEOTHS), & XHRENEERNE X
N
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PRER AR A R AT AT, FEREATRESTED 1Bt

e H reference
) PRIEC AN S, SO AR, 2P RIRETHFE T —
bk BEIG Ry

weyth | EEORFR PR 15T, FTASE 0 R
A K IR

PRI FH IS R & 25 1, AT AR B0 A B &

[N
eRy N
VWS RA s BN R

& T oREFRIKZFHY logical relation Ri’k:

RYF = {t | VS e RE (S,t) |%F or (S,t) 1"}
(S,8) UK iff I <k, 2,5 e REF ve
(S, 1)~ (5, 0)
(S,t) ¥ iff 35", ¢,
(S,t) woF (S, ') and t' ¢ Value

ESCRARTIHANEBIE S (S,1) 15" 2R (S, 1) BEFE k ZENL, IF
JE—1 o MY, KAy A BME, (S,t) t* WIFRIR (S, 6) 7E k B 2Nk
=0l BULE, t e RY" SIRFAT], TEAERRED © IWTEMEZSA S 1, t B2,
£ k FATIEE, —BEIUL—Essa H—MrsiR, &ia, FiFz
[l CHYIE X RE 0

R = Store
REF = {S | Vi € dom(®), S(I) € V')
K& L, EFREMMRRRE “GPNIEHIE A BB R XD,

HE, BEXTHEHEPE, EIEF k41 P, BHTI2E reference 1HFE—
*F, WNFEfEERIPIREHEEMARE T £ 27, RtSEHER R FEE
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k BNRAFE, WRAFE 0 25, BATIENFHES R EERIE, Kt
AIFiEE RIERALE 0 2P NRAFHY,

wJa, EFRATERIX NN logical relation FY—SEE MR, IIAEL
285, ¥ logical relation A2 —1 Kripke logical relation, HANEE
FIRTREHSR W M StoreType R T StoreType x N, BAPSIN T — D
SE, AIAMERARNIM & < @ R T FHER:

(k, ®) < (K, ®) iff K<k and & < &’
XNESCRIAFEMFE EWR: FEERFRIHIT, JMFE— Nl 7 HE
ZNFHIEEH R, HEGRNNGFEHEAR SR, BN RS %EE, b
BREFHIHIT, FIRIPEA SR, P DAFRATTAT DA #2 A T 57

FNRSED BT, FATIAY logical relation BLEIXMAMIAMER R, XATEA
RIBRAN FHIF B

Lemma 5.1. Qn% (/{:,(I)) < (k;’,CI)’), %B/L\ V;I;’k c V;I;l’k/, Rik c Ri/’k/o ;ll]
K <k, B4 RhCRY

Proof. *t logical relation HYE SCHATIHZNEIR], fEUERH A = A’ — B W&
g, SKMNEREEE “B8 o 2o, ¥ <k’ BE5, #ICIRUER
X5 O

5.5 fundamental theorem of logical relation

S — R8Nk, BANETE X T —1FF general reference ¥ logical
relation, J/5—, BB IERHZERY fundamental theorem of logical relation,
TEI Z BB — T TAE, &3 logical relation #ifE%| open term:

RY — {5 | V(x: A) e, zlo] e V)
PILE, FATAT PAUERA fundamental theorem of logical relation 1 :
Theorem 5.2. JIR T -t : A, HLMFEREN ©,k, 0 € RY*, H tlo] e RY"

Proof. IXMEB AR, NSRRI ] DI, A< R 1523 A]
ABATUER E MRS, R ¢ EATIA40:

.t = o HUE REF 02 LB
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e t=Xat, A=A - B WINAT,z: A -t B. T t C&2—1MH,
BATBEUERA t € VIF 5o RIBENX, BIZE O 20,k < kv, € VY,
BAVFEEIUEN to] v, € REY . MTHEREM S, HUWTHRIERFS:

(S, tlo] ve) = (S, Az.t")[o] va) v~ (S, ][0, 2 — v4))

ﬁﬁﬂﬁ*ﬁﬁ“ﬁ‘&ﬁ}?ﬁy reference, ﬁﬁu(ﬁ*ﬁﬁgﬂiiﬁjﬂ 0, MR#E
Lemma 5.1 f o € RR™, L (0,2 — v,) € Ry iyo HRAEVTLAME
iﬁﬁ t/{U,CL' —> ’Ua] € ch/,]g/, ﬁﬁL}( t[O’] Vg € ch/,k/o *ETE%SLB%‘\%E

tlo] e VIF

t=tsty, Dtp: A — A T t,: Ay BB t; € RYF o
UE—NIIRIRAS Sy e RE, QISR (So,t) REMEHL, AR EREMIRAAIE
TR SE UG AR A R :

(So,ts ta) Soe€ RE

(St,vft,) 30,2, S, € REF vy e VP,
ke (Sy vpv,) 3Py 2 0y, Sy € R MRy, e PIPETRR
ks (S ) 303 2 0y, Sy € R F1hehay g pyphThihehe
IXHEE SRR E TR ¢ FIENEL. 5 PRMEBCRE TR
t, FEEL, B=S0MEFORE T vy e VIV MR, Ai—2 0
MEPR B REIR SR T —, &4

— R ¢ 1E K BRREEENL (¢ BENL t, TEL, v v, REHL
B ki + ko + ks > k), B4ty t, 1 k HRARSEN, HIEE
Xty t, € RY™,

— AR EEEEANERREETE kB NSEEL, B ky + ko + ks < K,
IRLMHRE B (So,ty ta) 5%, FRBAt5 t, € RO

t=ref t/, A=ref Ay WMINE T -t : A, XBEANEK—MMH,
RITEEE ¢ CERERENEN, ¢ BEERERNEBERSE
Wt =t t, FIEDUEEENAT, BRI% t = ref v H v e V35, AN
FAERM S e R, H (S,t) w0 (S[l — v],1), HAF 1 ¢ dom(S), &
=1 — A, TRV 20, MEBRNFEIUEHAWNMGESE: Sl — 0] e P/,
PAK, e VEX o JEEREE L BARK L. g RFERdE A

LW k=0, BB Sl o] € Y, MR X —a T
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—WR k>0, LMW Lemma 5.1 v € Vi}k c Vj,/’k_l, Fit A
S[l —> 'U] € R{%/

o t=lt, Tt :ref Ao XBIRXKAREFZE t' = v CEZ—MERVE N
HF ve V2, v —ER— MWL I, BI%HE S e RE, ¢ B
SRAEISFER -

(S,t) = (S, 1) wo' (S, 5(1))
= 0 I, BT IEEL reference THFE—20, 1l TCIRTE k 2P PEHL, 1l e Ri’k
BERS, 2 k> 0l, BT oeV®,, o) = A S1)e Vit
RAEE X, XEEE (S,10) 15" B K =1, Fibllle RS

e t=t,:=t,, A=nat, M Tt :ref A, I't,: A, KRRE
&t t, BREIIEN, BAt=1=v, HE Se RE, t FIRET
R

(S,t) = (S,1 :=v) ~o" (S[l = v],0)
0 Vo BIRROL, BIFE, BATHRTZIEAEE & 2 & fi15 S[l — o] €
RE, BIA], HTR(EE A 77 BOHTHY reference, IXHMNIZEZE ¢ = @,
BILE, W k=0, A4 S|l — v] IR, TR k> 0, IRIEXS ¢, =1
MR, e V2 ., FIBL ®(1) = Ao ARIEXT ¢, = v VIS
fl Lemma 5.1, ve Vj’,’k c Vi:kilo Fir IARYEE X S|l — v] € RE,

]

5.6 logical relation M E MR X

TE5E T ITAIEZ G, ARISCREBRANUE T2, AR TRTHTE
Fid, IXHEHAY logical relation N —EREEZ FHIREHAVER. FrlA, BN
AEEN R RGEAVIE L — DA FEHHEIR, 2, XU SREATI A0
MESE R t € RYY IR L,

AEIRS & 2FATN TESIEIE LM AN I AR S, FBA, E1E
logical relation HFHHJH B 2IRAELE NTHE, SEIB/YZ, 1E fundamental
theorem of logical relation 1, FRATIERA T X TR k #86 t € RY*, B
DA, FATTAT PAE SLANR LA B AP EL Y Togical relation:

Vi= {v]|Vkve V" RS = {t|VkteR}"}
Re = {S|Vk,SeR:} RY = {o|Vk,oe R}
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MiE 2 E R fundamental theorem, R ZHEH — DN H S EH funda-

mental theorem:
Corollary 5.3. ¥ THEERN T'—t: A, ® floeRE, F to]e R

Bk, B2 A@aE D, EREE A, SRR KA EnY
logical relation {ifi &40 ~AYPE R :

Theorem 5.4. R TR :

V® = nat

nat
Ve 4 = {U] (1) = A}

Ve pc{u |V 2d,weVd vweRY)

R% = {t | VS e Ry, (S,t) |4 or (S,t) 1}
(S,t) 1% iff 310’ 2 @, 5" € Ry, v € VI, (S, t) vwo* (S, 0)
(S,t) ) iff BS" v, (S,t) o™ (S, 0)

Ry = {S | VI € dom(®), S(I) € V$}

Proof. ITARIFEKISEE, B:& Al AEITRIE, TR “EEDHIRH
kT HIRE. TR Vi p FIERAE D TEXR, B LE, ve V) 4
FE X A MBA TR Z M BUE SR, Fr DOX A2 — R O

MEX L& MER AT PUZ B, IX L2 5.2 H, BIEIAE X R#HY logical
relation JE X! 5.2 HHY logical relation J& 8 R BT, B E R XA
TEWITS 2. ATDANR AR E I, EF R RGH — MG ik
BRI, SR, J8IT step indexing, THIAE XHIRIEUSE] T @k, mMH
N E—MEEE k &M, PBESXAILAEZE, BEIERAERFERY
FFEEWRR. BRI logical relation! FTLA, fIAT step indexing 2 51
logical relation HIRIARA ARG IIE X, KRBT, FFEaE M,
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6 fHH Kripke logical relation kB STLC WJ

normalizion

BMEALER TRZHH logical relation MERARRI R G4 BRI HI 1, H
&, XEHFAEITERR closed termo, HlG0, FH—UERARY, STLC BYEAL
T, 72 closed term FYENLME, S8, Z0d—mUIVINIBGE, logical relation
0] PAIERA open term UM, ATTHKA]H logical relation, IERH STLC

HYJ normalizations

AbFE open term T X logical relation i HHMGE, A1, HAREE,
HEFEZEH Kripke logical relation, FtRETE M RMEIIE G Fik logical
relation X #F open term, fE_E—7H, Kripke logical relation #FTHii&
reference FTFEZS AIX —5E 2 TCRIIN L, IXE/R T Kripke logical relation
e = iz A

6.1 open term Wi X5 normalization

K, BAMTAROL—TIBESE closed term NG X, fEIB1THYT,
RE X ZEBFOANNBTLE LW, EERE, FRIMELFEZEERZEEE open
term, 4N:

« TEFVEERZF REFME, 0T A\ TP, LB open term

o B (BlanfEgmigas), BAIFm BB —BEFLE NEEE
TR, fLRRE, FIFEFRZEALEE open term

TERTHE I E T, FRATEEE— open term ¢ K773, BERHAZES ¢
PRZRRM TAER “4F7 BIE, ¢ FRESRILFAIEEIR, R, XA A N
HARAT, Bilgn:

o EHINHEREBRFZGENME, 2 H1Y logical relation FEASZIL,
ROMAIEFIETCERD B substitution o

o TEGmIESLERTIN, ZEATE BARRE, &0 ArE rTRERIE R A
ANA]AT

FTLA, BATTFRZE—FhIE A 3245F open term AYIE o M L THI B Fh B A,
REAG ™ Az P A EL R, -
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o WIFN FMRRT HIMAEHA, BATAPUE S open term L
FMRR t=u

o GOSRM fEfE” B EHE, BATA PUE X — open term AT

reduction t v u
X AE X RESE—EN, #E “normalization” JX—#{E:

o NTFEMREAKD, normalization FHEH/FNMEF ¢ HEI—DFNH
“BxfATBARA” nf ¢, HRN normal form, QR t =u (¢ F1 u FEHr), A6
27, normal form N4 /E nf ¢t = nf v (¢t fl v BY normal form E5EE
HEE o-F ), HZ, “FrERRFEIFLEN M normal form” Ff
BB, FTPA, FAIFRZUEBHAT SR E R :

Theorem. Vt,dn e Nf, t =n

o XTF reduction 2RI, normalization /&R E M reduction, HE|
BEIPRIEXE — D AEERH reduce B “BRETHM” RIZFA (normal
form) ., 1HSE, “FTEEFEH reduction E—EEN" FFENSE BN
SR, PTBA, FRATTFRZEIERA

Theorem. Vt,t',t" irreducible and t ~~* t/

Normalization [FIFEIE “HIEREFFEM 1 LR XN H 2
EIHIMFZE, BOEERATE —1 normalization BiE (LI EBETEMRERENL
HJIE 2 reduction & H)) :

o ZHIEWMEREF t f1 v B2EFEMN, REEHENN normal form, F
Eb#E normal form = S AHZERTA]

o ZUrRI—EEF, REEHEREKHEEMN normal form RIA]
B4 F, normalization F1F 3T reduction B, B, FAl 1] DAE#E
M closed term I8 X HER reduction LM, HAIE, FHAIFHEMFHEIBEK

reduction PAHEIEHC open termo X A-calculus 2Riki, FFELIF reduction
TEXNTFEE: Rt t, IRA At o Aatls

SR, T reduction AV normalization WA FZ (A, F]40:
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o “KAEMWF” HIENAEBER BAOFLANTZIEH call-by-value &
F| open term T, A4 (\a.t) v KRB ZH reduction 7730 EHEE
B-reduction, BUZAE t AT reduction,

IR, FAMRIRAT LIS THLE — R reduction WifF, {HE ZHHE, open
term HY reduction =7 AARMEMER: SRV ERER reduction I
Fr, RIEARA]AE A IE—R reduction 77 HIXA—K, BLFEZEHE
normalization FZAY strong normalization: {LARISKIEFAIEEH L,

UEBH strong normalization FEUERAEALME R KXE, [F A0 K E
7 B AR E . UERRI AR R ZHER 2 strong normalization H
SRR, T HIXE MR 5 AR S UERA

o HPRIEFENMRREAH BANNT, ZAiETS, HATEEE
SHPAA B-reduction, ERUWIFAEI n ZFHr: t = At o (v ¢ FU(2))
WIMAESH, WU A 75 TA) 3 A fa) -

— n-expansion, Bl ¢t wo Azt z, HEIAER: SPEREBEERERY
normal form #—EE—T Ao A, BEFFELE reduction HIE X
FIAEAL: HEER A RIER reduce Fl—N N S ERESH
RAUEEIR, LR, n-expansion AN strong normalization, )
H n-expansion AJ AFIE AN RAYTESS reduction:

tu o, (At z) uvwsgtuvws -

— p-contraction, Bl \z.t 2 v t, RS, ET\%‘%E%{J‘&, H
NN strong normalization, SRTT, BA5FIHY normal form HITE
RIEH n-expansion 55

M2 TS0 % R BY normalization B IXLER@, ©MN—HEHEE
“reduction” HIMEE, WMMEAEREFRAE, NTF -F0, ETH
MR AR normalization A] AE#Z4 n-long  (BIFTE BREEEELH normal
form B — X, XM n-expansion) MY normal form, [K°A normalization
LRI “EMNH reduction” Y77 FSLEL,

KK SNARETEN XZRB normalization, KB HE R, M ELT,

PsErr, XA T FMN R RIVIE SE CE WTHF dependent type HYZEHRY
A5, BT reduction Y normalization UERBFIA T AIERA A IF 2 HiE >
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Rt BARRE, open term HYALERTE, Kripke logical relation HAJETH 5
HI%EEE. fundamental theorem HYFRIAR, PAA saturated set HIFIEEREILIE
B (FHZSB—NMHXENS), JAE, 1F logical relation FIE X HFRE
FEEN R RN reduction, PAMIERH fundamental theorem N FZERHE|—
L& strong normalization /reduction H B HIPES,

6.2 STLC LW pn FHXRMNHE normal form

A, BAVCEES R TE R STLC (I E—PrEE3E
Al Ans) o B S HBEMRBMNER R AL, H2, ATHAEAEH
reduction RE XX, FEMMHEH—MENM KR, A, RTHIENAILESE
J& T B-reduction, MHEET n-FhT:

x:A+t:B F~u:A I't+:A—B
I'- (A\z.t) u=ptlz — u I't=a.plztx

FNz:Ar-t=u:B L't =45t L' u =4 us
I'- A xt=4.5Avu 't uy =ty us

'—t¢t: A I'Ht=4u 't =419 Fl_tQEAt3
I'bt=yt 'Fu=4t 'ty =4ts

XHE, T'Ht=4un “t MuE T FEEDN A ENIRIEA", 5B
—AITRRERBEZIIMEIN: 8 n, FEATHRUNHETHEN XA FRIE
AIBERIRWFRIEZRX, TEFHZELLIT reduction HHY evaluation context, 25—
ATHIRINAE T -t =4 u BT —DNENM KR, BHUEH, R T -t =4 u,
MAT -t AHTFu: Ao XH, FMREARTE L HHRERAZHER,
I g FA AT gE< HERSR BUER TR 0

BTENM KRG, BITEFEE XA 2452 normal form, fE3£T reduction
A5 X H, normal form BB NREAREE reduce FIFRIZR, AiM, FMRAH
AAZETE reduction MIMES, Pl AFRATTAZHE X normal form AT 24FE,
B b, FAMIHE normal form e a0 NV R :

o+ normal form & S-short HJ: normal form FAFEIEEU (A\z.t) v BY
[S-redex

« normal form 72 n-long AY: B PNEREEAA) normal form ETEAN vt
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XE, B \a.t BIFRIKRATEE R REERTUM normal form, A1, BEF
AREHILTE normal form WHEE v BB, 8EHINE O w BIMER, H
REE H bR, g REEHZERE AR, Gl « 8 v to XF-RIEEH
g EAYRIAFRN neutral term/HHERIZR, PR, FATA] UEE I340
[AIE X normal form AYEEE Nfl,  (HHHY normal form A v, w R7R)
neutral term HJEE Nel, (HHH neutral term F n F7R)

(x:A)el n € Nely v e Nfl,
T € Nely n v € Nely
c € {yes,no} n € Nel v e NFTA
ceNfl n e Nf}__ \v.v e NfYy o

XH, neutral term &S f, He £ PRSEHER AR normal forms,
Ans B normal form 17 yes. no FIEHP neutral term (R AFRATIFEALH
open term), A — B MY normal form W—%EZ Ao B T normal form FJE
X, FEA] ARIAH normalization EH T :

Theorem (normalization). X THEEM T ¢t : A, #FELE v e N£Yy 15
r —t =40

Normalization EFHAHH T normal form —EfEfE, Normal form M
— MR B AMIERH :

Theorem 6.1. W v,we Ny H '+ v =4 w, B4 v=w (a5, BIA
ZIERESHATHIRE) , R nn/ eNely HT -n=4n', B4 n=n
(FIFER a5,

Proof. XN T+ v =4 w/T - n =, n' BUERAITII4, FRINUE normal
form 1 neutral term FIME—ME, XBE BT 2RE KA HIUERH O

6.3 open term [ logical relation

FIUERH STLC EH—#F, 2@ B IHANERH normalization 23K
HEHA Y KgAK, BMOFEH— logical relation RFRIE Gy
X BB, fisEEFERYFRIA, Logical relation A] PABERL KRBT
B, TEUERH STLC E1LAY, logical relation £ MRAIMK T —1 closed
value/term RIERETENIE o MAETATTZZUERA open term FY normalization,
FiTPA, logical relation MiZZ58 MRMUIKF—1 open term WIHESIENIE
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X, 1B, open term MIRMIRGH, RTFUKGILEF — free variable
context! FfBA, UEBH strong normalization HY logical relation MI%JEUN RY,

FEEE, R FIFT—7 RS AEEHMMPL! F3 L, normalization HY logical
relation /& — Kripke logical relation, ‘B “AIEEHFE” W &
Context, Context FMA—PHRM “AIIEM" X&:

Frer’iffv(z:A)el,(z: A)el’
Kripke logical relation HJE W& X, WH] free variable context W& H:

o ATREHSE W HUER S X2 “HBERERARE SRR, AT open
term SR, TERMAFBIANXE G HHLEE BHE1FE free variable
context, THIEZE— open term HYMEFAHY free variable context J&
EHY

o TV BIXHEM “FAIIAM” XHR. TE open term HLEIEREH, —4P
FRIXHASL A GEFEAEIAY free variable context H#ZEH, FIa0, &
WIl-g:A-B, AT MNM.fz)g:A-BH, g 2fFET T
ENXH, EEARXNRIEAXEREF, g B7E T2 A NEEHR!
FiBA, open term TEALFETRS, “HH5” T #sEnlgEk ., i, E&%
N THJ free variable FNEE{HZR: FTRA T < IV BYTAREZ open term HIR]
IBHERR

o Kripke logical relation B EHA[IAME, fRAZ free variable context
F, B2 R < RY wHEGL (D), XWIAFERNEGEN: I
). ToRAVZER, ARG ARSI

FiPA, REVIEZ NELESN, open term B logical relation HisSZE—1
FRIER Kripke logical relation, FUTE, FATA] PAFFEEEARE X normalization
fJ (Kripke) logical relation o FHTFRATAEZUEH normalization, X4
logical relation N 4{#i/E t € R = Jv e N£§ T t =4 vo fELMLEA |, T
fiTrl LB IR % Kripke logical relation _EJEHBIAIE, Hl40 5.2 HH2EHY

Kripke implication:

R € Term
RE = {t|JveNfl T t=pu}

Ans>

RY z={t|VI"2T,ueRY tueRY}
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1E Ans b, FAMTRER—PRIXZXZH normal form E"J, PHEEER
HAMOER, £ A — B L, TNERXNFERITHIZSE, HEERES
HIFRIEE R, ERIXESE o MIEBIEA ¢ o BEEDARER o T
W, RAFLENIA R . open term {LETAYEFREH, “HHFL” /free variable
context I' ATRERZL, FrLA, 4 A BRI BT RE A AL BRIX A O

EER], Ri.p HAEEZERFRIEAASE normal form, XERNIX— K
AT RAM ¢ PR S . BRAURSAR] DAUERRGN R A5 -

Lemma 6.2. 415R t € RY, IB2FFIE veNt, R I -t=4v
Proof. XA A #H4TIH48:
« A= hAns, HRAEEXTA

e A=A - B, MI"=T,2: A, u=ux, ILIRE R, _, FHEFRE
t v e Ry ABIAAIEIR, 71E v e NE™ Y fIf3 Do A+ ta =p v,
RAE n #, FI1G T -t = At @ = A\r.vo ARHE normal form BIE X,
A \rweNty, o

]

X E logical relation TERRIECERA FRYMNER 5.2 L PF—B—F—
REXNA logical relation H “AIREHFL” Y& B2, X2 Kripke
logical relation {Z FATERI X —{KE, 29 T IERHIX AT logical relation HiS 2
— Kripke logical relation, FF2iERHIN 58 :

Lemma 6.3. VI' € I, R}, RE{

Proof. AL A ATIHARNR], A A — B RIS, RIDAEEIGNER
AMEM Kripke implication, ASFFARIES NS, HIAREUEIX 5]
i) O

wJa, R PAERAX B logical relation BEEMN KR!
Lemma 6.4. R te RY HT —t=4u, 24 ue Ry
Proof. % A JA4NEIA] O
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6.4 FAIFFEH fundamental theorem of logical relation

K& logical relation J&, WA FEZUERA fundamental theorem of logi-
cal relation o #ARMI, XX, fundamental theorem of logical relation HYJ7%
RTRE—EHIMNIEF, ZHTHIFA fundamental theorem of logical rela-
tion MYIERAHR, FRATEBZICE X T closed term HY logical relation, FIEIT
substitution o fEEIHBEEER open term, {HZ, ATH, FAIHY logical
relation I ELEBEAZALE open term T o ARA, EFHFEALE fundamental the-
orem of logical relation /I A substitution F&? OERANA, XM IZAMAIA?

T2, 7 fundamental theorem of logical relation FJFRIA_E, HILTH
FHRTREAYIZES, RUHEMAMIEEATSI R, AT, Bk, 28#
FIF logical relation Hf “tH5” SR3ZHF open term:

Theorem (v1). V(['+—t: A),t e R,

5B MNER:, EXRH Kripke logical relation ERVE G, 2 logical
relation Y “tH5” T #1 open term A - ¢t : A HHY context A BIEARIAE
FIZARPE (RE BT LA 2 Context), TEIXFMER: L, BHIEZEE logical
relation ¥AfEZE! substitution E:

RY={o|¥(x:A)eA,zo] e R}

RN BEIFFEHANERE X B2 open substitution, B4 A H
PR EIRME T “FAER E X, B—HH, BEr-EnRE e
I "AREEN, #t52, oe RN W2 AN :

Ar-t:A=THtlo]: A

WA, FRATAIPARIA S ZPMRAHR) fundamental theorem of logical

relation 1 :
Theorem (v2). V(A t: A),0 € Ry, t[o] € R}

AL, XPAIRAR fandamental theorem A A X WA FE4FHE?
IXHEFEMNRDHEHEE: QAHERH fundamental theorem, AN QAR FH
fundamental theorem #—2FIERH strong normalization, _EERY (v1) {8
FREAFRE TR, BT R HHIRIEEE normal form, IERA T ¢ € Ry
WHELIERA T ¢ & normal formo $RTM, ZZUERH (v1) I, STEUERA ¢ = Ax.t/
RUTE O FE. BATHFZIEMERGFISE v, (\et) ue Ry B 3
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FABATTA] A E] ()\I.t/) U= t/[x — u]: (VQ) H1Y substitution tljfmT’ i
(v1) BYEPMERIZTCIRAE X RIS

[ REAARYE, 7E T open term FYALTRTHY, 28 & [F] N7 108 I [RIAY AA f
ENTANZBRZE, ANNEZESH G, ZE PRI D,z A+t B,
T o 1E ¢ PR — PN EHBZR, HTIMULE L - Azt A - B N2
ik, BS5HEFEN, « WERTRER— P28 EMHE T - Oa.t) o NEUEN
o XN, o M SHEEHNZEL uo XIERZ (v1) IRECH—/E L. e
(v2) W, ZRATNRIA CEREERINI, “HHZRE" AEN L logical
relation RY 1, T substitution o € R f#RT A+ t: A FZEESE
TGS, PREA, EFE (v1) TIRERZIEL, (v2) A B RIS,

6.5 logical relation [V saturated set 45ty

FATEFN T — A MIZEH LEREE (v2)? AT
HZUEM normalization, FATEZZERIE] (v1) IZ51E: t e RY, K, K
MFRZIUER (v2) REHEE (v1), FiziE, BT “tEE substitution o”
I RIEME, BATR]DAE BN substitution idp O FAEEM (z: A) e T,
w[id] = o) RHEH v1) T t[id] = ¢, AFTFEMEA (v2) UERA t[id] € RY BIA],

WAE, W (v2) B9E X, UEBH normalization F| N5 —2: UERH
ide RN, BHENX, BMNFEIEANTERN (v: A)el, ve R, ik
=, TG EHZERE ‘O B, B BIXN YA, HiX— M RUEREE
KIFATIR, KINTE Rup T, FRIEKFRT strongly normalize 2 2 &
AMIPERT: NTFRS G R TFNGE R, A, BRIMNTFEREEMNEHEE
HEFIFTHE neutral term:

Lemma 6.5. Ne', = R},
Proof. X} A #ATIA44:
o A=ntns, BHEEN R =NEL D Nel

e A=A — B, BRWE neney 5 FTANEHA e Ry, 5 BIEH
I" 2T flue RY,, 148 Lemma 6.2 f74E v e N£5,, #1F ' - u =4 vo
FRiPAE TV - nu=pnuv, RIBEX nveNey (FFEn MT EH
F| 1Y, HMIERA Nel, H/Z— Kripke logical relation BIA]), #RHEIH
PRI n v e Ryo RYE Lemma 6.4 nue Ryo HT IV Fl v BEE
[, il ne RY,_
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O

WA T 255 12 fE, Al PAABEFATTAY logical relation A &40 NHY =B
NEERTIAR
Ne!,/— € R, c Nfl,/_

Hrp st /- #FoR SYTE = TR {t | Jue S§, T+t =4 u}o TEJLF (WIER
TEEER) KRS normalization HERAH, ERREIREIXRILLIBRIEEH, 1
JRIXZE=AIR MR HEE = 1Y logical relation #¢F7N saturated set (TE3E
F reduction B normalization HHELEE = B AL G I A0 D, AT
Hr, FRATUERA THIE Y logical relation A saturated set HYE5EHE, FEAE HLIE
BHT fundamental theorem GEHEH normalization, FEUERHH polymorphism
HITE S 1) normalization I, BT Va.A BIELE, FEIHE “EELH, W
XY KA el DAE X —MEER saturated seto

6.6 JEBH fundamental theorem 5 normalization

BA1E&£miEH T open term Y logical relation, H5 H 7' EM fun-
damental theorem, JEIIIEBH RY & — saturated set, FAI1F2] T FIH
fundamental theorem UERA strong normalization F7pi%, BRFE, T MUEAARL
HFIRIERA fundamental theorem T :

Theorem 6.6. V(A t: A),0 € Ry, t[o] € RY

Proof. % t #ATVAZNEIR], FIZE—17H closed term HY fundamental theorem
HUUERH L — R —

o t=ux, WRIE R KMHEFREAR

o te{yes,no}, A=Ans, tRHE RL_ =Nfl  HUE TR

Ans

et=Xet!, A=A - B, W Az A+t :B, BREE 2T M
we RY,, RIEEN (0,0 — u) e Rz’m:A,o RIBITNRIEZ [0, 2 — u] €
Rgo ARHUA T - (Az.t')[o] u=p t'o,z — ulo Fit AFRHE Lemma 6.4
Ae.t' € Ry, 5

o L=ttt ARt A — A A -ty 0 ACIRIBIANRIZ ¢ € RY, 4,
te€ R0 TRIE Ry, BIENH t;t, € Ry

]
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Theorem 6.7 (normalization). QSR T' -t : A, HAFFTE v e NEY, fH15R
r =t =40

Proof. 14 Lemma 6.5, id € RL, #R4E Theorem 6.6, t = t[id] € R, 1R
#i& Lemma 6.2 BIRISEIHEERHY o O

6.7 MUEBHPHEREH normalization Bk

FT reduction HY normalization BJ—MILZ, REIERH T strong nor-
malization, BtHZNRFE] T —PNIEMIY normalization B #ZERT K
S reduction RN ERIEA RN AT AR FHRIAT, FEATTH T2 LR
normalization ¥, normal form HYFETEMERT normalization BIERIFZTEME 2
DHE, FATUERR T HNRIEXEBEN N (E—E) normal form, {HiE
BHE— IMEEREA X normal form, W&AIEHIXMEIEFLE,

SEIBMYJ2, normalization HYIUERAFN logical relation HIAHIE 2 AJ LA S
normalization BEIEAVIET Y, FKATAT PAM normalization FYIEBA-PHEEH
— normalization Hik, MH, XPMHEIEET—RMUIE normalization-by-
evaluation (NBE) HIHE, NBE BiELLEE R E M A reduction B &E3UIF £,

A2, Banfar WIERA AR B B TENE? fERTERY normalization ERAHR,
BN saturated set &8585 :

Nel,/— € R, c Nt', /-

RAEFHEE RY B— Term MY logical relation, {Hi&, WHRFKAIS
RY N b&5K, 4 “te RY” RUIERAM Y — N ITHEE AU, StaeS L
IR R, BRI Ry XM “UEHE” MYA/E “H” HYIE, saturated
set HZEFE 52 BT Y 1 BRI

o —/M neutral term #x AZMERVERZEL (GCEAE 14)
o —MMEAHHREU normal form AYEMEIKE GEfE |5)
Fundamental theorem HJUERANISZERE— “SKE” &% (LfE [t],):

BEEMB A-t: AM oe Ry (RY 2BH—MEES
“E” fED, R Ry iy E”
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M A fundamental theorem 1ERA normalization BISFE, W& SRIER L
132 normalization BEIEAIERE, NT T ¢ A, EAEBANEL A KEL
1L (Lemma 6.5) #EE—DIGERIEIAGE :

1T=x—1h o (x:A)el

RERARIERTE (fundamental theorem) 1 E|—ME [t]ro &5, FIHBE
[ pREY |L (Lemma 6.2) 58] ¢ XY normal form, 4 & #E3R, normalization
PRIEL AT DAE O

nty t =4 [thr

X—id M2 “normalization by evaluation” IX—FHIHR: @itk
S normalization, IUAE, HFHEH & RY XM “1E” (GefE Valueg),
HE =K BN M ATEREEI AT, valuely HYIRTE, [FIAER] logical relation
HIE X AL, AT Ans, Value BL/Z Nfo X T A — B, BN logical
relation & XN “SEIEIFRVREMEHZERZIFRT”, BN N AYE RILE S AR R
e Bz, BNEFNER, XEMEHFE (O REK + RIERE)
KRR, BE, (EMREIAEE AT DAAHIE

Value} _ = Nf} _

Value', 5, ={(Mz.t,0) | A,z : A t: B and o € Envh}

Enve = {@)

Envgyam4 ={o,xr—v|oE€ Envg and v € Valueg}
B EREAT DAAN I E S

o Nely — Value!,
r —
TAns n=mn

Mampn=QAznz1T)  (z¢T)
1T : Envy.

10=0
1,z A)=1Tz—1, o
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15 s value!, — NfY
iX‘HS V=Y

Ving Oat o) =My 137 [topern, (gD

[ ] :Term — Envi — Valuel

[z], = z[o]
[yes], = yes
[no], = no
[Ae.t]e = (Ax.t,0)
[t uls = [t]s - [u]s

o Valueg_,B — Valuei — Valueg
(Az.t,0) - v = [t]ormw

nfg : Termg — Nfa
nty t =l [thr
THPA @ - Az \y.z y) (\y.y) : Ans — Ans N, EREENIESITIER:

nfy. Az y.x y) (\y.y)
= s (A2 Xy.2 ) (Ayy)]ie
= s [z 2y.2 y) (Ay.y)]o
= s [Ny Yo - [Myylo
= e Az Ay y,2) - (My.y, 9)
= e N7 Ylomyy.2)
= lms Ay y, [z — (\y.y, 2)])
=Xz1. L5 @ Ylos ) o
=\z1. Ex:sAnS [[w]]xH(Ay-y,rZJ),szl : Hy]]:m—»()\y.y,@),yr—»zl
=Mz L™ (W, @) - 21
=Mz L™ [ylyea
=Az. [ o

:)\21.21
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7 FEMHR: Kripke i& XY

FHATA L, FATEDR THZEEERM logical relation, HEATERZ
IR ETE SR RY logical relation, 5K I, logical relation HHHY
W Mis, el IR ERIFEIRIE X _E, 1E logical relation H, FRATLEF DK
BT 77— ME/REKWERE, 1EHEIRE T, AR ERIRE X
A HEMEEEN RIS, 158 ARZ AR EEAI N H -

o ETEIFMFAXBIENECAN R, Al DR BEEIE 518 AHTHY
. 2 HAMERECETTBoRITSE X

o NTUEHTES AREMEIFLEEH, BINRIA A HIE N RPERI R, ATBA
FIRIE SR 7 15 RIS — DRFIRAYTE SOBRY, Hp BB oA Bl
MBUEREES RAMFAE, HTIE S AL ETE SOBAL At —E AL,
[ AL R IRE 1B S HIRAE X AP, A3E A O R A R

FRARIE X — A= 87)42K 5 logical relation N, {HFfEFRIE X logical
relation FAIEFEEE S, FrLAUXEXN TS logical relation FYEXR
HATH, RPN EFRE — FAEAMATEEIR IR, SRR, AR
SH— PN ERIES RER, HafBtE 25 IS,

7.1 HiEHIN: Lambek correspondence

RIZIAETRAIA B STLC BHIFEREMEEEN R, — MR B AR
&, ERA A BIER— MRS [A], URIEAXEIENK [4] HrOTE, BT
H open term HEHBEZEE, A0 DA AR logical relation —FFHYIpik:
TERERIARES, 52— “substitution”, 8 context HHAYZER & BRE 2 Xt
RRBIRECEN G BRCRTE, FRATHE T BIEmR — &3 R
LSS [T], BN TEDN pe L] M (z: A)el, #H p(z) e [A]. B
18, BE TS pe 1], BATRILAEFENRIAN T - ¢ A BIFER— 1L
N (], € [Ale N T VEEHBIRER ERTE, FTEIERAA TAY soundness 7E
it

Theorem (soundness). R T ¢ : A, ALK THEEWN p e [, #BH
[1, € [A]

A PAER, IXHSHLZ fundamental theorem of logical relation! 5E |,
logical relation FL/E b iR IR BE FR BT — M1 -
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FEFRIE X logical relation
[A] R
[Cl={p | Y(x:A) e, p(x)e[A]} | Rr ={o | V(z: A) e ' x[o] € Ra}
soundness: [t], € [A] fundamental theorem: t[o] € R4

=/ A, logical relation HEVHIE, & & HEERN HRIFEFRIE X E
We? Han, FERTHERIAS logical relation FIMIEH, BREEEM A —» B 1E
XM, BE—% “BEGINSEL, BRIIFIEERT EREEKR, R4, FEFR
BN PR HSERPIEENR? — MR B RIEER, FAT0T PR EKEL
FATBNERE S LREE S, 8\ RIEKBER— N EIEREREL:

[A— B] =[A] - [B] [A2.t], = a = [tlyea

SR, XA AR, MBI, RIZEESHE—1E
SRERAY nat, JBAFEARIE e B ARANEIFE HAKE N, A, 1&
e, HAYEIBAB2AEHES N - N 2 ATE, med
STLC RiIXAXWE SR AIENRY, FN STLC RIIEERIANHE K, LA,
[nat — nat] = N —» N /1, HERDE—EFIXNZR 2R STLC RIAXEIFE
1F2IRY, FFHYERZS STLC RATHE,

B S R R I RS XS B R, Bk, Bl 1A
B SEAMEEI N - N (IBSOEEAE STLC Hi#Rik, A4 [nat — nat] —
N - N 98 IRR b, FONEREEX S STLC RERIKIIRIRAERIA
O E RS OB, (R, Bl TR SR S

BEARRBCER R RERIF R B, ENIZ IR T 2 E? X H, JulFie
LT —MRFHEE, fﬁm{ﬁiﬁﬁp, e exponential object IS, EZIE
T R M USE” BTEARMER, BB SRR R S T
Set HfY exponential object, Exponential object CZ (MY T K% B — C)
AT DS I 40 ™ B[R SRE S

Hom(A x B, (') ~ Hom(A, BY)

IXH Hom(A, B) FoRFENEREHIINR A 3| B Z[HRISHES, AxB
IR R, BLE, FRATATPAZIAE STLC #iEZIRNulE ¢
8 A — B BIER C HHY exponential object [B]I4l, Context I' B] AFIH C
R SRR B -

[e] =1 [T,z : A] = [I'] x [4]
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XHE, 172 C " terminal object, & PR, —PNRIERX T -1t: 4,
A AR — [t] € Home ([I], [A]) BIZSH, A THEIEIESR S, 1EIRATE
FIH AL exponential object FYE X, Exponential object & X H IR, 405
A STLC RUBHERITE, FLE:

Hom([I", z : A],[B]) ~ Hom([I'], [A — B])

BT, XA AR B R SO TE M 1k ZEMIZ AN T, 2 At B
FTFAet: A— B, GMEEMFEERMNT -t A>BEITx: A-ta:
Bo RIS T7 AINIEF XS B 7 N FIRRECR . X R AR B 5 | ARITE
ERN], FPA, exponential object FIHf/EENIE STLC HEREEEAI— MR
LERINpuTEN

HL F, H—1%N Lambek correspondence HJFE X451, WAL ZE
STLC # Cartesian Closed Category (CCC, BMEARIPRIF 2 [BIF)3RFA
I exponential object #3FFTERYTENE) EBHEMI, X TEEM cccc, H
B FLMIRANRIE 2 1E C HPHEIDN MY object /ZSHHENIE X, BLAEHEEE
{1 STLC #EF| ¢ H, STLC HWHE—1 CCC, FRATEEEH, m
STLC ZFA CCC ¢ WIENE, WX N—MEZEES ¢ B9, /% CCC
ZEII R -5 Lambek correspondence et 77— RFIHTE AL, AiHTER]
FIEETE X MZ Lambek correspondence F—/MRiAI: B C = Set BIA],

7.2 logical relation FJEWE/AFE

BATELEEF|, logical relation AJ PAF B RAIENE B S BIFEFRIE X
B — DR, MHESRAIEERE S IIE X, N TElEE X — MR, 78
7., logical relation HRRYIE MG, a0 “AELFISE, SEIGFIIEER”,
87 128 % B Y 38 FHa A

Logical relation HFRFHRMETE T, BABNRAEK T 17— K2 KL
PR T A RIE X, EIEBH STLC {ENLEF, &I R —1 closed
term/closed value FJF£, 7EUERH STLC HY normalization I, &SRB
X R — open term FJFE (UEBH normalization N, context/Kripke world
HIE PR TR ZEH Kripke 18 YRR, FHARERNX—R). A, 1E logical
relation X R HYIE A, B RBIE BN “FEMARTE” (RS (Bl

closed term), SRJEEEDITUSIIRATIE SCRA ML “IERRIE” RS —
e,
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ERIEETEEZ C, HATREE— “FWMARE” KT | |: C — Set.
fan, 2 “HRZRPE” R closed term W, |A| ATPAEX Hom(1, A)o BRAE, 2K
A ER—A logical relation B2 |A| FI— N5, XTETEBEICHR] AR
RE—"1> monomorphism e — |A|, WI—K, 21K logical relation FLA4 L
T HHIVENS set [| |-

o Set [| | FIONREFU (ReSet,AeC, f: R— |A]) W=7, B
Wb, XSE |A| _E— logical relation: A ZRM, R f MR T
Al I—"1F5%

e Set [, M (RA,F) Bl (R, A, f7) B8RSR R 2B
SEHHY (h, h) —TEA:

B b, KR A B A [, STLC YIRS b, #E0E o € R,
W2 |h|(x) € B

WA, FAREE T —1 “2fK logical relation” FJRKATTENE Set [| |o
—MEARH logical relation HL2X MEBEHH—MNR, £ logical
relation WERIZRIU R GERUME N, FAVEEL DRI — X MY logical
relation, FTPA, STLC HY— logical relation 2@ —"1 C — Set [| | FJEK
F [ Jo BNRE A XM logical relation W22 |A] BI—PN T8, FilA,
FATHINEDR [ ] T RAY 24 :

¢ 1 set p) |

N

C
Hrr 7 2X5H logical relation FIEIAMERAIERT: 7(R, A, f) = Ao
B T HEWEIE S 3RIK logical relation FINEZE 2 J5 , WL A] DA TE logical
relation I EARIE T, FBEREEEM A — B XM logical relation, H

T logical relation AJ AR TEIETE H—DMRHI], T STLC HYTENFIE A,
PRIEEIIBENIE N exponential object, —/ MR BAMAEEZE: {8 A - B
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B set [| | H'HY exponential objectoe ARZ, Set [| | HHY exponential
object KAT2FENE? HE Ik, THlZE “BEGFHNSE, FEFHIER":

(Rp)"™ < |A— B
(Rp)"™ ={f€|A— B| | Vae Ry, lapp|(f,a) € Rp}

XHEE AN, B Ra R logical relation R € |Al, app : (A —
B)x A — B 72 C THIRECA MR, BZIUEH, (Rp)® BIHIHLE Set [| |
Hf) exponential object, JXZ5KERAINY logical relation HIEHEME T H#THY
R ZHIPTE BREERRUM logical relation #KIGFE R Z R E—DNHE, M
LN _ B ian it

wJa, WEFRAT%E fundamental theorem HJTEREXT I, TE logical relation
FyEmERIAS, [ ] EEFENEET logical relation HIFMIEFT fundamental
theorem FYIERA, TEAYIE [ ] HY object RIS, FRATIZEH T 2B context
XY logical relation, MITEASIE [ ] FISHEERTHS, SHE—D Tt A,
FANTREMDE— [] : [1] — [Ale BIF Set [| | HASREIE N, FHh0
b [ ] = id X—EAMEM, BLREAIR [t] MAETEHSSHLZ fundamental
theorem, XHEHTZHEFEFRARIFINIES, BEATLAITRIE,

TOWEIE SR A TAT IR ML T — R — 55 /K @ HIERH fundamental theorem fY
Irik. HTRANTAIMEERE CCC Hfigke STLC, HEUH Set [| | @ —
A CCC, FEETREI [ ]:C — Set [| |o HEAE logical relation HHERR U
&N exponential object (ZAEHHIZSEL, HEGFHIER), T context R
FFRL T context FHIFNEE R, $REE— N NEREFHIE), [ ] B
SN — M 2R fundamental theorem AYIERH, FA T AT PAR|FHIX—&518
RIS SRIES: logical relation FYITT: B BUFHY logical relation, LM IZE
PRIECR YR RE AN, exponential object, FLA, HFATTIZIT logical relation i,
Al AT base type _EAY logical relation, $AJGTERECERELE &284 |
BEREH—RIIME, XS HREY logical relation, fHEFLEFRANTEZER,

7.3 Kripke iE X5 Kripke logical relation

BAELER 7 HIED logical relation dA{a[{F HTENEIE S RIA, PAK
IXEEHRIVEFAL, B ANI—R%HY Kripke logical relation t1EJENFIE S A IE
RN N, (R AR S REPRE T, FAHEE 2R RN —
25, HI set HEY— object, TE Kripke & X H, HADRBIYERERN—
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JECARTRETES W ARG IR S, T HEBEAIAMERR, Kripke logical
relation/Kripke ¥ X HIXEEZAF, o] DUHVERERYIE S AR H TG HIRIAN |

Kripke & XA, H— “BJgetHH” p97ahs w, BAIEED
RKAGERE—1D W F| Set WK+ F e [WP,Set], #0522, —
™ Kripke 1B HLE— TR F [ ]: C — [W°P, Set]

Hrp wee 2 W BONEERE GE W AP E kA A& SN TED o
BOCHE 2 R ATERE I H TN WP — Set YRR T BYME R 5215 56 ME),
BHEADLAITRIE, 4 W B2—MaFE (BN PMNEZEZZH 1
3k, F#r <), FHH [A] BENEEL v < o BRI — DN FRBIENRA
I, XNEWEE L FENTF Kripke logical relation HJZE Yo

HE A, B BRI SN IR AT 2 We? RER M8, Flanseis,
TERRF7EIE (WP Set] (FEHFRN W LR presheaf category, HHIHJEKF
FRA prehseaf) HIRFREIR RUE X BIA]

(F x G)(w) = F(w) x G(w)

{H BRI %X /exponetial object BYTE SBMMISM, B rE SRR+ Z [RIRY
exponential object, WLICIEE X H GF 1R LRYH 7y, B#H A DLEITR
WEIX—mi, IXHEHIAYEE, F1 Kripke logical relation HERESERIAYIE X
R, BRI QIR AR w OB I RS o ATREZ R —FERY,
AT AR BRI Z A —E K E w, AIRERE oo TATTRMIEREBM w
FIR w's FRBA, BREIE X HEIX — R E B TEN, [, presheaf I
Y exponential object G AN R AR H TR E S

G*(w) = [Hom(—,w) x F,G]
= H Hom(w',w) x F(w') — G(w')

w'eW
WHRMLAN W B2—MeFENEN, A2 GF(w) BIE SGREN T
GF(w)={f |V = w,ze Flw), f(z) e Gw')}

A PAEF|, XIEZ Kripke implication! FTEA, JEBEIES M4 Kripke im-
plication FYMIEFRAL 7RISR BRECREY FMER REFHY Kripke 1B, —

TEs2 Kripke implication!
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BT Kripke IEX 2 G, RFEZEH logical relation FITENE Set [ HIFY
Set AL (WP, Set], WLEETSZE| Kripke logical relation HJJEBERIA, [F
FEHD, FRATTR] DARTEREIE S RIAH fundamental theorem, FFH|FIEIATE
W& AR 4 o — 55 K R HITIERA fundamental theorem of Kripke logical relations
[Wep Set] [| | H'HY exponetial object 41~ (R W 22—/ Mm/FHE)

(Rp)"™ (w) = {f € |[A > B|(w) | Yo' > w,a € RY, |app|(w')(1% f,a) € Ry}

Hep v Z il G:w' — w2 w < w WIERE) ., 7 Kripke logical relation
v B TEREIREMRA. AIAER], XIERZ Kripke logical relation H
PRI ANT Y logical relations

7.4 Kripke & X528tk

TEM PR ESIE T, TR ES, X DABEERTE Set
IXANERE I EAEZE R RIE S RIE X, B2, RIE SIS UEHIZHE
MERA—E B Seto MG L, FRATA] DARBUAEAT M FUR 5 =F & HUTERE T,
eI, BRI set RMAAVTERE, NUAE elementary toposs TE—°
Elementary topos N#HF, SXEFEFTIZHEARMT Set L FE., BUREFE
Y&, Pt L){, 8 Set Hp ALY elementary topos, Hit EHREMRIE S AYIE o

FRT Set ZAb, 575 —RAEHE H ULHY elementary topos B/ presheaf cate-
gory [W°P, Set]: Kripke W ! FiLA, Kripke S A] PAB BRI IE SLHY
WHEMEZLM Set #L T presheaf category [W°P, Set], Kripke 18 X Fbi % 18
HISEETE X HEAFETR, KN Set A —£E Set FFARY. {EHM elementary
topos HHA—E AL, Blan, 1F set H, HEEERAZAY, BTE
presheaf category H, HEHHEREIA—ERL. ARFTEM, STLC EHTEX
F X HARES, DL, R, LERAVEZEMRR STLC HRESE X HFE
MRIKF, B2 1R STLC BFFTE N an i B ik 3 SOZ A 2 75 AR,
HEP AL ALY Set BUTCTAMEH, FEEFEHMAEZEMESR: HI40 presheaf
category, BIMEM Kripke &,

PR T Set # presheaf category Z &b, MEHRZHAMN elementary topos/i%
HEMEZR, (HE, X2, presheaf category A& IFFHIFHIME: ER5E
B, AR DAETE S RIETE B B RN —1 Kripke 18X, XMEXIER
yoneda embedding:

y(A) € [C, Set]
y(A) = Hom(—, A)
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BHAENX, B y(A)I) ={t|T +t: A}, HHE Yoneda Lemma, y /&
fully faithful i, #t5Z, A y #1 C BRAZF] [C°P, Set] FAHMKIETE R
HH AT DARIIE, Kripke T SCMMY LR EE SCHEMER, B4, 2RI
—FRE X, TES AR, ASREEI AT Kripke & XN PANERA,
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