Introduction to Algebraic Subtyping

1 Overview

XEXHEEHNAXN Algebraic Subtyping ' F—LEIBR5iFERK, K=t
B EERRS TIEM, Algebraic Subtyping & Stephen Dolan 7 2016 &R
thesis, BERT —PMEEHSTMHE+FEA open problem, —:

o [EBYH parametric polymorphism 1 subtyping FYSEE RFRY
o sound (ESHMLER—FIEMH)
o complete (FEXEEH term —EREH S HETR)

.« principle (S HIKERE general B, FiEEMETEHAXRHRTH
FE)

XS FE, FRILZIN, FKIAA Algebraic Subtyping HFIEHRH TRZXF
KA ZG RBERINKITIFER R XN BN G .

JR thesis PABMEATHRAK, FTIEXRXXER, RaZHBERY (K
IRRY) RARATHRERNRY, WHFTAENERRMERN. “PL” HBER.
INRBEBRFHEER, FIUEFIRR thesiso

FIRXREXEEEN ML NEBRGERANT #H. RIFEXN Hindley Mil-
ner MEBBESEZLE - LEFHBME, EXRXHEPZEER Algebraic
Subtyping FEIEES ML NS #HITH L. E#1T LRSS iEH,
BAMT IFSHURIFIAFEN. ML FROSISHNERRRFE SR, FrLL, B
fRX subtyping FNEME, FHIRXBXEBAIEIHR—LEGENE K.

ERXEPEIAABEMERABHAIIARR. REREETHHTIARR
RIEIANLE “FIAA” —BIRIC.

XRXHEPIFZMENE2M S AATEESR thesis BN, REHNIREFE
MR thesis AEE—H. BXANZE (FEMANNR) BTFERNRAENR
EMHBAMIRF o

EANXEP, =B A B,C, D RENEED meta variable, A t,u,s,r {E
FFRIEA meta variableo

Ihttps://www.cs.tufts.edu/~nr/cs257/archive/stephen-dolan/thesis.pdf
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2 Subtyping SXEHS

KB RE BT denotation Z—MEES . HATAILUERBEEES, £
ENELBENREAEFESTHTR. AXTMAT, subtyping X&R A < B
MERENVAESZENFEXR [A] C Bl. FENMERE:

Vte At e B (ACB)

PRUGEF SRS BRERF LR S, 2!

+t: A A=XB
I'-t: B

subtyping W R Z EARINA:

o T int < float, FAMTAIUKIL C RMVBHEF " HRIETR (E—
M C ReRZHRERSEH)

o BB {x:int;y : int} < {z : int} XFH. record type £HY subtyp-
ing X &, TR LASEI polymorphic recordof5ldl, B# fun rcd -> rcd.x®]
LUEZERIEB XA field BY recordo

o 1B_EMEM record type EHY subtyping XHRNFE class BY method list £,
HEFERBFERAEXZRAIEN subtyping X%, TR LA subtyping
EEWEEAMNR (FLLE, X2 1970s X subtyping W ASH AN EE#H
h 1 LA AR Java 3ANEICIEEY)

o Haskell X8 typeclass TR LA subtyping LI, #— typeclass CETE
—MNHERAER, LM T CHY instance FIERBEIECH subtype. (FiFiX
— subtyping 5 LEN/LNMIFE—INEENARRE: LARFIFHFIBE
BUEINY (Sub) RATZLXBZAFEITTITIIRIEN, BTE typeclass BIfIF
B, (Sub) BEMNAEITIHREN, F18 instance NFHMEHERH,
XY coercive subtyping, EHHN A < B SXN—" A — B B coercion
function) o

FLA, subtyping B EXREF: EREBEMHNBRFES N, HREMRRIKREKXENI
Kinld, RBWEIZ, 2 subtyping LB RAFTFMRZTE, ME subtyping
S5RBRAEREMINEE (Eb¥0 parametric polymorphism) BIESNFFR2IEEE
ZH, REMEMBXEN—IFIF: E—PEAE parametric polymorphism
(ala ML) # subtyping FIERIRGHRILEIEST, M 1970s LERE R BEE 6
U ANBEBRE, EHE algebraic subtyping BIH o

TET AR Algebraic Subtyping X5 Z 81, HRFHLIIH—LE Subtyping BIZE
S EET TR RBRI R

¢ bounded quantificatione ZEBEREfun rcd > print(rcd.x); rcdo =T
—N2E subtyping %A parametric polymorphism BIERBRFZH, ©
HIFEBRE {2 : string} — {x : string}o M, XNEEHFER: rcdP
HEAM field WEREREERERT. I, BERREAENEVFE

(Sub)



EaRNERRATIEE, FNAILA— type variable o RigrcdfyzE
B, MLREIENEREMNIZE oo BREKN, o BRAE—NE field » B
record typeo FTLA, XPDEREAVERIEEZ:

Vo < {z : string}.a — «

X5 subtyping 45 & HY parametric polymorphism FiPUE bounded quan-
tificationo

equi-recursive typeo EBJIFB—HRHNEER pa. A, a 7 A PRIXPE
e HRE)FHM, A

po A = Ala— pa Al

BN HEBEEX N FAMER GBI ENUAE unfold, MAEIZRITEENIY fold,
gNR unfold M fold BERENFHFHARMIERTTRB, XML
#RA iso-recursive typeo SR unfold # fold BJ LATE(EMI ARG 4,
FAFFA equi-recursive typeo

B4, equi-recursive type F subtyping Bt AXARIE? EF—Z#F sub-
typing LR RZR, BN T MR — I REXBRZIEEIFRIE
B, BR—M (principal) WIERZHBITAN, TERIGIFRE Algebraic
Subtyping BX :

let rec £ g = £ (g true)

7£%8 subtyping WERBRSH, KA FEIFEANKE, BEH
subtyping B9ER T, BT bottom type L BIFEE (ERBEMERHFH
B), teLIERE:

(bool — L) — L

(bool — bool — 1) — L
(bool — bool — bool — L) — L

MENR—RRIERRZE (uabool — a) — Lo WA, RELN HIFIEL,
BEX—RREMEES LB AL HE, FAANRENTEE principle BYEEIHE
5, MBI equi-recursive typeo

EEFRNHEE A, B NMIZE least upper bound A U B 5 greatest lower
bound A M Bo

FIEEIME BN NEFR D XREEP, WRiHM I DZRHNEE
B A M B, BT subtyping WEE, A fl B AF—TEHEF. X=REEFE
HE—1MRB O, 8 A<CHB=<C (A B&MALEHE C F
B), MREFN C BiE Au B, AU B AILI#EE—F union typeo
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EFEHREN—INEENFEERF. ZE—TEBfun x > ..., E
ERREBEF, » PRWIAKRE A, B EAT. AEN, A B F—FE
BE, BRINFE—XKEC, 18 C <A B C=<B (CEIFLIKRAEE
A WEILREE B /) , MRFH C RIEEME AN B, HelME

intersection typeo

o subsumption, BMEEERELXBHEISNIESE, AFRIRHNERFT
EAXENHEFNAREEREEN, FIL, HRNEEHESEHD
KEMENAPRENEERE RS, SESHORBNLBITTEHRZE
pamatetrically polymorphic BYZEE! (type scheme) BIBSE, FIBTE(1E
ERANIIEMM/E subsumptions

&E, BEEENAIENITIERNMAA subtyping SRINREHESH, @idiE
ARED, FATTUEREI—RFNFM A < B BY constraints, X2E constraints
AL —ERINIRLiE, Fla0:

(A= A)<(B—>B)&B=2ANA <P

2%, HATATLUIE constraints & MK TF type variable BI{EE constraint, F{l]
BEIEXLE constraint 18R T 3#, L bounded quantification FIFZ TN EISEB B,

BA, XMBESHIMAARER? Bk, RELE TH constraint FERIF
BEZ, SHHSHNRIFEKME R, ELFIRMIBR, 2R, ATEIM L
E1E A subsumption BIEIMT, FEHIBTE constraint list EEHFM /BEE X
#, MXBE—NEESERMIE—,

3 Algebraic Subtyping BJ218

EEBENERMEIF T subtyping EXEESX—RF, TEEHITEXFEN
28 Algebraic Subtyping PIRHEMIRE. B, HIENEB Algebraic Subtyping
IR —LRBEE A, & thesis [ERBIXLERBBM A ERESHEEDN
MEN. WIANENHEMERRZNRITE+TPEEESENE,

3.1 Subtyping B¥E YL

FERET, subtyping AIAEREEMNFEXRELE FRIRIR, NRMA
BEAXREE, BB subtyping MK TRE EN—1MEFX%K. flMW, RE
A, subtyping KRN HE reflexive B transitive B9, BBATMMIAL T HE
B FHI— preorder X5, MEKITEE RN FHRBEMNTNLEEREBEEDN
(AXBAB=<A— A= DB), B4 subtyping LEM T — partial order,
ERET, BNELEEEHNKE AM B Z[EH lub AUB M glb AN Bo
R UM N 2R total AYRIE, FBALLESZEBIFAIEL T — latticeo

BEE, 28 (A — B) NMbool HWEXBEMENEHAR? —MBERNEERE,
FHAIMN— top type T, ffF VA, A < T, #— bottom type L, fFF



VA, L = Ao BBA, FAIRATLAEETF (A — B)Mbool = L, (A — B)Lbool = T,
witk—3k, LB T — bounded lattices FRLA, subtyping XMW EZRE
B9 order theory &5, X—3IRZBEEEEBIFTER order theory W THES451E
REFR subtyping XRB B, XF5IHT Algebraic Subtyping PFREEHN—1
B8 algebra fTF syntaxo

3.2 Algebra First

L@, BIVEIMAN TH L RKEZF U SN, FEREMET— bounded
latticeo M syntar BURERM, BMFREEEFRMAT T M L ®IE
2, MEBEEEETRNEENMER, T, X—WERIE+IBEAN: E
Z syntar FTREIBHEE, FIFEF, ERMIEM order theory FIRBEXRE,
HE—ME poset Y lattice BIITTE (ARFENTEE 0 M M) A, M or-
der theory (EE XM, “algebra’) WAERE, LENWIEX EEBARE?

ARE, NN T M L ZE, N uURBERTEHONEX:

(A= B)N(4 = B')=(AUA) = (BnB)
bool Mbool = bool LIbool = bool

FKETTIBE R IEYN bool. A — B X#E. head constructor FAEIRIFEEH disjoint
union, M&EM constructor BEBERE— lattice To FTLL, M algebra B
EXRE, BIEAN T M L EEERSXFE:

& constructor ¥IBY lattice

— SICEMN lattice £5#8, ZBY poset B disjoint union

— BRENERMN lattice 549, 0L T F L #IAE lattice

AIIAEE], M algebra FNAEXRE, BZEAN T M L 2— 1M EEE LB EENM
o M algebra NAIERE, REEMER ZEREM lattice LAY disjoint unions

T2, UERNETRMARNEELERENSX, ENHMEXRIEN (¥
BT RE— lattice) , END IR syntar £ algebra EREEMIE, 1EX—
MRV EAL , Algebraic Subtyping PREEMNEBEMZ:

FEANT H2E#FE algebra EEEAIMES U, MHE syntar EETERIIER o
MXAMBVIERBRTES . algebra FERNXBARERZHEFNER, EF
syntax, FTEBEEIE—LE heuristic ANIZITRILEBRREEE,

3.3 Type Variables as Skolems

78 parametric polymorphism BIRGH, FKITBMELLT free type variable
B9 open type. ZRENIFH type variable W FREX. —FHBANBEREE, ]
8 type variable H{E meta theory HY variable, ik type variable fXZREN KA
B ground type (&F free type variable FYZEHY),



R, BEFBIN—THAREBERFES A type variable 0] LA# B 1E skolem
constant, EMNRMBEEEFE. IAMBESEXANER, XMEREMFZRREDN
AEEEREIS

o TE ML A, 7£3#1T subsumption ¥|¥7BY, HFEHANIELLEFE D polymorphic
B type scheme, ABEREE unify P type variable, IhBYR 3B type
variable H{E skolem constant &b IE,

o BT type variable B{E skolem constant, B I T REEY (algebraic)
IS —E893, ABAR open type HITNEFSEMAE,

e ik type variable & quantify over FiE ground type, M F# 7T —H#
closed world assumption, BNEEHPABWIEELMAN. EXZER
LERFZNAHRBRMESS, FFFRERRFIMAFIIIEE,

o WIRIHNIM universal algebra HNAEREBXE, £ type variable HIE
generator, HBA skolem constant BIfRFE FRBA XIFR free object/free
algebrao WFLEWL, skolem constant BIFEFEE algebra EEEEM, Xt
BILLERMELE—5 (closed world v.s. open world) BYERFERIA,

4 EBRKE

EREBHEERFEP, REAGHBEEINWER— M FBFEMFLEIES TN
232, #AM, £ Algebraic Subtyping 1, REKAGHEE— M EEEENT
2o ETE, BEND Algebraic Subtyping FINEFI B EHNEE, SEREE
BEMMIE, BEEASNAER thesis A recursive type HNHEE, AT RAN
E, BFEER, MAKIIANERT “BAAT, HRERBEEXIESENE,

4.1 BERERPNE

ERERIRET, BEMAN T M L REXEBA 2 lattice HARZE algebra
T EREBENTE. Frll, Algebraic Subtyping AT algebra EHIME %o
B, iEERMNEmENELENER

o BABEIEU bool XHER constant typeo E base type #BBE— trivial
B lattice 544,

o BINBREEE A~ B, TABWNTH lattice £514:
(A— B)N(A' —» B)=(AUA) - (BNB)
(A— B)U(A' —» B)=(ANA") - (BUB)

o A, record type HEITRAY lattice Z5H. IR TZFF record poly-
morphism, B4 M IR label EEWFHE, U S label EGHIZL
=



M=z, KEFERA— disjoint union, ENENMAKEHELR— lattice To
B4, algebra FREIBEHAEMEBEIEZR lattice LB disjoint union, £ order
theory A, — PRI EERMMIER lattice free coproductoe EXF disjoint union
NS NMABWERRY U 1 N AMfcksh, WTFEAGHN AuB(ANB) BigE, &
KFAMDE free lattice F37E: BEMA—NMHNTER AUB(ANB), HEEH
EHENTERE, T2, £XBM syntax MEBKT :

Types > A,B:= bool | A—-B|T|L|AUB|ANB

FRLL, M syntax BIFREXRE, lattice BY free coproduct 5| N7 union type
intersection type. BEI—AKIFERIHEE (LbNFADERENER) ZEIB intersec-
tion/union &R LB, FRAEI— 1M RE ARSI N Z PN FREM syntax,
B2, BIREENXTXEEH denotation/algebra, BRITFRAIXT algebra 1&
IR BY syntaxo

union type M intersection type BI5| NBEMR A M E LB RS, EELHD sub-
typing R4, type scheme BRIBEEH subtyping constraint, EHXTF type
variable BY constraint AL E, A, BFHRIMNPVERTERT —1
lattice, ARFAEAFTE— lattice PRILAEIE ANB=AS AU B = B R&RiX
A< Bo FREL, FENAILUEFRE constraint @ M U gRARIZEE R, MAB
FEFELREAP{RE subtyping constraint To 80, A;=(a < A=a—a) 7
UEE Ay = (N A — anA)e HEITATUBIEXFENEEZEFNN, BRIgHK]
ER LA B NEEIRLX R
c M B A AR, HW A BRESIREMBR. E A, B, BIBERI
— N afEE B<anA, MXFENTF BarB A, HFEERETER
3, PRUFRNIARIREREIRF S ERM ao

« Y B<ABY, EH A LHEAREEREN B, £ A, F, B<aNAK
RIMER a=D8B, HF B< A, FRLUREIEREE BNA =B,

FRLL, BRWFBEANIE o < A, BBARFER o B#EH [4;, BIEEE—MFE
E1E constraint. {BZEMAISEE!,

IR thesis 1, EEAIMNERIFEEIMB— distributive lattice, WFLRIR AN
(BUC)=(ANB)U(ANC)e X—EKM syntax FHET2REEX, BEHE
IEFEAVEA distributive lattice N—LIFBEMRBIMER. 7E subsumption B
g, BlgExHINAZAN: . .

|_| A; = |_| B;

=1 i=1

B constrainte EFREN A4; (B;) BARREM head constructor, WILEWR < 7
MBI BRI AR H—THE T ET—D—MREY lattice H, X4 constraint To
B BRI B E/NEY constraint BI4E S, 1BTE— distributive lattice BY
disjoint union A, BEFMNTF:

Ik, A, < By,

FEtk, NRLERIZ— distributive lattice, FITRFEHEE head constructor
=R —IE, FREARR LMY constrainto



4.2 Type Variable B9$3i&

IFARIEREIR, Algebraic Subtyping HF1IAN type variable B H#E1E skolem
constant, MIF quantify over all ground types BY meta theoretic variableo Fff
LATEZEBIFRS| N type variable B9/ 7ABIREE: M algebra BIAE, BHIIEE
™ type variable BE— 1 bool HBIMHIEEHEE, HiBET distributive lattice
£8Y free coproduct FENTFEHMER KR —#E, M syntax AE, FHITE
type variable H{EIHILAY syntactic object MAFIZFEEMWNIBZER (EFX—= L
T type variable RSB XA, XWEEAIE syntax RIXBEITHFE).:

A, HANZWMEERFE substitution PE? M algebra BIAEXRE. RI& type
variable WEEE V, REMWEER A, substitution p AJUABR—" V — B
BK¥, EF open world assumption, B @— 15 A AJEEARER domain, MK
NHBER p NMEREMNEEHRRINEE, BAENEHBINELEEM algebra BY
modelo INTE, HNTBER p HAREE L, BF—) (E—8) p: A - B
BIEREE, %R open world assumption ¥ISHBIRE A E— free algebra,
M p NEEMSHE—HIG1EFEE free algebra BIEE X FFLL, algebra BYTE X E]
LIBE#ESH substitution B R4,

A, M syntax £, XZMEIEE open world assumption BY4RIE? L
£, XEFRESR:
o BT open world assumption, type variable P]RE# &I HRILREIE X
PARGFENHEE (p: A - B

o REBATAIMRIEREREXHEEIENERENX, MEIRNERAIAE
B/MRAT (B @R algebra BI— model)

o FATRTLURIERF substitution ZFITEREY LB, BRABRITEZRIMER,
Ebn (AU B) = p(A) U p(B) (p FE. BW—HR— 1 HFIEE algebra
LAY homomorphism) o

4.3 Subsumption

TEAB T type variable Zf&, FENFEEMEL (parametrically) polymorphic BY
type scheme T o BB A, T—F, IR EMAR AR type scheme Z[B]H subtyping
X F: subsumptiono H%_E, —4 polymorphic type scheme BEFE# instantiate
i ZAREISER, 1 subsumption FATRIX type scheme BY instance £E&Z
BIRFEXR. UL ML A6, FEMTTLUEX—1 type scheme VaA BY instance
A _ NI
a5 IZ(Va.A) A

{p(A) | dom(p) = a} (1)
BSIEA, IT(Va.A) ENTFREHRE TEFRHFNEE B MENES:
I'Ht:Va.A

rr¢-B S derivable (12)

FRLL, Z() BRERFE I “— polymorphic type scheme BIFFE instance” Y
BRIEMEFMEB (), FENAILUE X polymorphic type scheme B subsumption



XE& Va.A<"VBB A:

I(VB.B) C I(Va.A) (S1)
B I ) MEXEH, MeRE—1EEINENX:
VB,3A, Ala — A] = B[ — B] (S2)

f5la0, £ ML #, 18R A, =Va.ao — a — bool, Ay = Vaf.a — 8 — bool, HB
4 Ay <V Ao Algebraic Subtyping 7, type variable #&1E T 28 algebra
FRLFRTETERY skolem constanto PRLA, FRATEILAEBMIE— type variable &
BAF— type variables FIFAX—mR, LIRTENXAILUHE—DSEHAL:

Jp, dom(p) = & A p(A) = B (S3)
BHIEH, LENFREEXBEENN, HEBENT TENENX:
THt:Va.A

0 . ivabl
TFt. V5B is derivable (S4)

A4, H3INT subtyping fg, XIZIEMEEL instance £EEH S5 subsumption BY
EXWE? XTF instance &, FITRALAREX 12 FARKBENX. BIHTF
subtyping MXRIZERFMNAIZIN, EX 11 2LRK:

Z(Va.A) = {A" | 3p,dom(p) = a A p(A) < A’} (I1)
X—EXEXEHRSEZNERMIERHPEEIFEEENEA. XTF subsump-
tion, FMIRALAREX S4 fEARIGE X, ML subtyping MU Z 5,
EX S3 2TRL:

Jp,dom(p) = a N p(A) 2 B (S3°)
Ehth, FATTLUSEEMNENX S2 WENX S2°, HEIMAENMENX S1 &
FMEY

FTEZNFEEXHEEITNEER L FHNHEEITFEN subsumption X
AREIEMHH, FIE XA subsumption KRB — preorder, FRIAFATATLL
MEHPRE—NMENXR =7

A="Bs A< BAB=<"A

=" B— N+ OEANXR. TEBENBRNEIMHRIEHIERFLEL, §l
W, EEEE \bry.if b then z else yo 1 ML F1, BRIZERIZ:

A =bool v a—a— «

X—KBIEFH subtyping HREFZHWEKARIEFRHN, EBESE union type VBN
T, ERREBIFEEETUER:

As =bool - =y —= [BUxy
Ba, XWEIMEBEZEBEFAKRR? =7 FFEN, EMNE2SENN! BF

alUa=a, A[B,v+ a] = Ay, FIl Ay <V A SIkERY, BF 3,7y < BUY,
Arla = BUA) = Ago FREL A4 <YV Ay, M A; =7 A,!
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5 Polar Types 5 Biunification

IE, HIBLESEM T Algebraic Subtyping PIIEXRB RARTIE, MIEF
BIAB MR FUMAEMERESHNT . X—NEILBESH LI KR
BB,

5.1 Polar Types

HINEsNEEEXBEEFZMENNERT. A, HETFERBHESH, E
AT E—LE LI IBAY constrainte W1 AMB <X C 8 A < BUC M
constraint, MELAEIEMILEINXTF A B #fl C B constrainte IIRBITEIAIL
&, XBEESFES|IA disjunction. ZIXREATEENY, MMTEREEMED
LR S HEN.

Frid, FAIFEHER LR LU IER constrainte WERE|, KB RARGFKHME—
25|\ subtyping constraint B EREER: BRI& f: A~ B, x: A, B
4 f(z) BIERBEREKE A < A, HMENR—TENREFERZEN—
B, FHIRA XBERERN—RMFER, JLLEE N U Tk
TEFA] algebra first FIERIGITT, EITKIER total B. BIZIREHUAA LXK,
LM constraint A’ < A, A F « BEE, SHIME— positive FIUE,
M AB— MRS EHER, SHIME— negative B, FFLL, BRI A~
TR T negative (UBERIER, AT BATF positive (IBRIEE, APARBEIHES
By, HNFERIEMNEEP constraint #E AT < A~ R, WE, EIFIFE
=YMBM LR, BIBEHERFEWN ANB <C 8 A< BUC M constraint,
Ba, BIMNRFBEKRFFE AT MREES union (L), FiE A~ MREES
intersection (1) BPAJ, FRLA, FMNIAILUR AT, A- X9 F, HEENEEE
PRNENXH

PosTypes > A", BT u= a|A” — BT | AtUBT
NegTypes> A~ ,B  u= a| A" =B |A"NB~

A, HMBMAIUFRIERI AT < A~ B constraint KIEAXRSF|N disjunction
To

BRZ, SERIE polar types X—PREIZEMIIIE? RESA, polar types A
TEREARNEREXRRFLEE, Fld0 Au(BNC). FEHNE, EWE
HEENRBRSEAHIARERMLE, HIMTAM:

F term BY principal type —EZ—1" polar type

FrLA, TEEBIES PR polar type HARERNKEE[ARA, B, XRZE
—NEiEl. MEFEHNITEIR? EHRERHARR. FENAILT positive occurences
negative occurence MK SIEHINTE R LAVAERE:

o positive occurence XK provider: —EEIEFMEELEE positive type B{E,
e negative occurence K consumer: —EBREFFE (B WL abstract over)
A negative type BI{E,

10



o HENMME—TELEN A — B R, XPMRBFE A, HHWE B
FrLL A= — B* € PosTypeso

o SERNMNFE—ELEN A — B KA, RITWE A HigteE, HE
ZEiRER B, PFRLL AT — B~ € NegTypeso

o RHERFHRRERAXHLE P —RHIN LHEKEBTF provider 5 con-
sumer FEIFERES—EM, FRAEA polar types XS R4
fean AT < A~ B9 constrainto

o« ML ERE—1MZENARIER. if NARRIDZINEREEESE, XH
LARBHER, RN T EHEEIIE L, MRTEHUA—HHIERE
BT, BABNKIEAATEEXRE—MNEIER provider RS ZEX, RIE,
MR if WREIDZREARE, BBA, BATMEFERESEE consumer
L EERAX—ER, UHl2iR, FrE R EIRE I LIZES R provider
consumer FCXTBYE A

o« EEIBHVIES A, provider E—HIEE A RE disjunction (140 if BY
7%) , consumer E—HIHE TR conjunction (FIEAR—1NBEHFR
BfER) o M principal type N ¥R MRIAXAXNLEWF =4, FRLUFRE
principal type #fF & polar types X—H 1o

5.2 Bisubstitution

B F, X9 2EBM positive occurence Fl negative occurence FARAE— Alge-
braic Subtyping B SIAMHIE. XNFIRFAFIRVEEIN, £ 1980s LB intersection
type X TIEFRA THRENME. 2 AM, K% occurrence Ml paramet-
ric polymorphism JESH, SREM—IFENER, BINAXBEAFTAXS
occurrence BMHUEHEBRITERNEEZERAZ—. ZREE:

id = Az.z : Va.ao — «

ZFA] instantiate o BY, o MZHEEEA— positive type BZ negative type
g? B8, TIRWMAERE, [BEMEBRTEARTS polarity FREIN. £ LERE
EIHY intersection type X TIEHR, BN THRRX—AE, RRIF type
variable #f instantiate F[EIBYE positive type F negative type BYZEEY, a0
bool. bool — bool ZF, {BTE Algebraic Subtyping FIEBERFZER, FERET
—FEIRENINE: 3 substitution B bisubstitutione

EEH substitution HEXE a — 4, EXED type variable IEF—3E
B, 1M bisubstitution MIFEA type variable T FFNIEE . AFFHE positive
occurrence —, FI8 negative occurrence —1 FTEA, bisubstitution AN E
at = At o= — A~ BN bisubstitution BY, o FIEBY positive occurrence
WM At, FI8 negative occurrence #E#A A~ XH—3K, A LURIE
— polar type FZF bisubstitution [FMKIAR— polar typeo

’https://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.123.8718&rep=repl&
type=pdf
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BZE, —1 type variable M{AIRER T F AN KE? HATNZ AN EERE bisub-
stitution? BFA¥E occurrence FIE provider 5 consumer FYEERE, Tl 1wl LA
bisubstitution BIE X {E40TBIAFE:

o E[E— type scheme 0, EEHREE— type variable ao o BIEEHI
£ negative BIUE, 58 0 B EXM o BIFER, WEEEHITE positive BY
iIE, WA 0 PEWEL o NE,

o HEANEAXER 0 NER, RINFERE—1EE A K instantiate
a0 BEX A WARERNTENRIR: 0 FE o B (negative
occurence) , FATAIBEIRM T —LEKRH B WE, T 0 PHELRM
a (positive occurence) , HATRIRERENEIE C; RERT. A FIEEN
HRNZEXHHERNAR, F5:

| |Bf=A=]]cr

o XY, AFLRBEKNENME—LREE provider 5 consumer [BJH—
B, BHRE ERZFEN A #BALIEATF instantiate ao

o XJF— negative type, FHIIRKOBIEBIERELY subtype, HFLE W HFLE
provider BE#E/EA. FrUAFNTRILUE o BYFAE negative occurence i
REMLER, |IC; ®

o X F— positive type, FHITROLHERESIEL subtype, WILEIRTHE
WIRHLETLE consumero PRIAFRNTRILAIE o BIFRE positive occurrence
BRERENTR, B

o @Ak, bisubstitution HEEMNEXRXRBMITNER. B, I polymorphic
type scheme FUEHSM negative. positive B PFAMEIT type variable BY
instantiation HRAR. HIR, JF—1 positive/negative type, IR
XILDEN TR/ LR

A AT LB EEIERR bisubstitution BIIEMM. BRERBEARFT BN THEXT
parametric polymorphism 5 subtyping BIFREFLN :

I'Ht¢:Va.A 't A A=<B
FEt: Ala— A I'+t:B

(inst) (sub)

£ — bisubstitution ¢ = [aT +— AT, a” — A7], RI& A~ < AT (R thesis
FH B IX—E AT bisubstitution ##RJ9 stable BY), ABATEIE polar BYZEEIA,
AT UE X — substitution pt = [ +— AT]. BIEERMNIIAG, BZIUEFT
FEEB positive type AT F negative type A~ :

pr(AY) 2€(AT)  £AT) =2 pT (A7)
FrIAFRA]RT LA 90 T RYSE BY 4 b -
T'Ht:Va.AT
pt(AT) Z¢(AT)  Tkt:ph(At)
CHt:E(AT)

(inst)
(sub)

12



FrLAfER stable BY bisubstitution 3R instatiate —*> polymorphic type scheme
BEEM, I, i I~ B— 1R E S negative type B context (FHF negative
type X consumer, M EKRHE, FAURBESFRE context BV ZEE
& negative type) , B I'™ Ft: At, BBABIEEIE substitution BIMERR, BN
pt(T) Ft:pt(AT), UK (sub), AILAGH &(I7) Ft: (A1), B Z, stable

BV bisubstitution M substitution lemmac

B4, stable X—HREZH. A~ < AT XZWNEIHRIEIE? £ E—1 polymorphic
type scheme 0, EEE type variable ao HF o B quantify over 89, 6 %
EBW o RIM—H FIl ¢ FEEETHWREEE « NE: EMRENET
ot MBERMINNELBIED o~ BEIN. MELIEM o RE ot IR

REERKLBER, MAERETTELEER, BN 0 3 o —FFAH. X—
ERIFE bisubstitution EFLRE ¢(a™) < €(at)o

5.3 Subtyping Constraint BIf#

BT polar type F bisubstitution XFETEZ G, HITMAIUFBREFE
F&— A% polarized B constraint C = AT < A; To AE—HF! constraint C,
RANFEHE—PBR—ARBY bisubstitution ¢ BN C MR, X—=F0 ML 892
BIMES AR unification IEFEFBMo ER thesis F, X—FFEMFFAE biunifications

7£1&1t biunification WEEZEI, BIBEARTEBREZRINEFEKREGHMHER
AN R, 7 ML BY unification F71, —4 substitution p B—%%! equality
constraint 4; = B, REIRE p(4;) = p(B;)o FAM, T bisubstitution, X
—EXHRER, ZE—REEH constraint o < A, FERIEBEIGFiITiEH,
union type M intersection type BI5I NBILUBFRTELREI AR explicit constraint,
KR a<A=a—-a2FNTF and - ande BEHARZEZ— polarized BYZE
B, EFENMNTUBESER—1NEFENE (@F =7). polarized BIFER oM A — o
FRLA, ERBHS S, RINBERUTIRRE:

o Kot <A WER, 2Fa v aTM aNnA™ — a

B, XMME— bisubstitution & = [a~ = a M Ale M, &(at < A) =
at < A, X— constraint HARMFIE o BKIL!

RNTEEBAERME X E “constraint BIfE” X—#E, LFHAIEIEFKIIZ20
@ (informal 3#) FAIA & BUIEHEIMERY:

o BMMBXLEERT C=at <A~ THENEE B=0a— o, HNHEE
XHBHG LI,

o BINRM (B) 5 C = BHBEXZEFNH FIUZEITAN ¢ BKRE C B

_/l\ﬁgo
B LRI EEFZE, HITATUBINTAREEN “constraint BIAR :
o MFEEEE B, HINEEEN B £ C FTHIEX, HATAILUFARE instance
B I( ) BEXRKERX—BEH,

13



. MBEMTFABMORE B, C = B WIENH ¢(B) BIENBERE, (80
I(C = B) = T(€(B))) , B4 c M C > HEEEMKE, FLEHAITE
BUAR ¢ B C BI—MB, BT ¢ F1 C = BB LHMRE, ¢ LB
£ ¢ BRI

UHEINMNELXERE C = B B instances H5 £, 7 instantiate B FH type
variable BY, F{THAMEE C Y constrainte PFEL, FMNIRILIIOLENX C = B

B instance &
I(C = B)={B' | 3pE C,p(B) < B’}

HA pF C BHE p(C) FBY constraint #RTLFKMAMILA (b0 int < float).
FEAX—EX, ¢ B C IRMBEKE:

VB,Z(C = B) = Z(&(B))

AT H—FRIEX—FENX, ALUERA, H C FEENRE equality constraint,
KB RGFHREHE subtyping B, AERARXENHERN “RIEE MEZE

unification FHY most general unifiero

5.4 Biunification
WME, BINVERFAIUFFAE X biunification AR E T, EHITTIESHE
&, biunification NEERG +7E R, F—MA type variable B atomic
constraint, FAIEIZLH— bisubstitution fEAILER:
biunify(at < A7) =[a” = alA7] a not free in A~
biunify(AT <o) =[a" — al AT] a not free in A"
FFF T intersection F union type BY constraint, EHTF polar type BIRIF4R,
EATeTUAEERBE e MUERER SR constraint BY conjunction:
biunify(AT U BT < C7) =biunify(A" < C7)obiunify(BT < C7)
biunify(A* < B" N C7) = biwnify(AT < B7)obiunify(At < C7)
Hih o & bisubstitution WE&. XF M head constructor HHREAY con-
straint, A TEZIRERNEMKEERIRT, BIu0:
biunify(A~ — BT < C" = D7) = biunify(CT < A7) obiunify(BT < D7)
biunify(bool < bool) =1
Hrb 1 2511 substitutiono ¥R constraint Il head constructor R[E, A

biunify FAEKM, FAFREM constraint RABEXR. BIEFKR, AILUE
BH biunify W T4mR:

. biunify(C’) FFEEM C =N
o YNR biunify(C) LN, HIR[ET — bisubstitution £, FA ¢ B C B
=i

14



B biwnify NEEAXRGIFEG R, ©RERMEE+723LOERH, AR thesis
FRATRARIELS L TIFMEVIERR, Itb9h, & thesis FH biunify AT HIE
equi-recursive type JINT —LENSMYIEIZ LA IR, — A type variable BY
atomic constraint FIRMEWEEIX B 2IAIMRAE S 2%,

6 XS
KT, BAIAIUABITICEXBESHNETEEZELST ... ERIME? Algebraic
Subtyping FER T —MIEEMMNLR RS, BIEMRERE ML 5 Hindley

Milner, BEIERRBERAFHNE—RTIBDERE—KE K, A, XNEFIEAIE
BRAFHARANT PEREMLIH. (EHRER), EEERXT ML HIEE
RGN —EARXNANB. FEEEREH,

6.1 Typing v.s. Type, Let v.s. Lambda

3F Hindley-Milner FIEBESEZBEARTHRIATIE, KBHMREH Algo-
rithm W BEBH—1NRIZARBY principal type, XRIIFRIFEHE ML KB R %K
F, 1 typable BIFRIATNERE principal typeo B4, principal typing X &t
4 0E? 7£ ML BItHARE, principal typing A principal type XMW MEAAFFE
BORF. A, EWENMELER—LETE 3 PRsHAYARHE, principal typing
principal type 2P REBIARPEML & principal type,{B7&% principal typingo

EZERLBAFHN—% judgement I' -t : A, typing IEHMEXEE judge-
ment, MM type IERNMERE 4, NRERMXIETEHHIERIE, type PEE
HEIERAEHEE A, M typing PRTHRE A XHF context T's ITE, HENE
B REWSEE, —NMREANRRE:

XPEEMSE LS HAIE typing 2 type?

WS, context @EXMEBESEENRANERIWN? NMRIAEREFZENER
K5, B4 ML BY Algorithm W A, context 2N, IELBZ M, A,
HEMNxOHVHFBEEZNER, ME:

X NRBEWSE LR, WLEEBSTMIINEN, WEEBATUAZKANE
ri?

£ ML 1, XNEENERE:
o let SINKEEMRBZAUTMINGL NHY,
o A SINRVZERRBZE A UBRTRER B S EMHKA,

FEIF— closed term \z.t KBS, FRIIMT + #HITHUHESH, &K
MHARHE » PELREE, S « HXEBKN, =W o WRBIERED
fresh type variable o, XEPHAEEEMEREE. RELESLHN » REHES

3https://www.macs.hw.ac.uk/~jbw/papers/Wells:The-Essence-of-Principal-Typings:
slightly-longer.pdf
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t BISRBIFEIBY substitutiono FTEL, 2 BRI ¢ BIKBHE TR B2 MMt

BEEXN— closed term let z =t in u RS, HIELHES t W
KB, HIEE generalize 7, 1N x BIEBRER uwo XB, » WEEEERE ¢,
HF u K, EEENe HFEN let "IXXZE— closed term, generalize
2ZfE v NEBRSEEEM free type variable, FTLAN o #HITHRBHSHER
a3t » WEBBEAEH. ALk, » BERI « BREHHN.

B let fl A SINHNZENLBNX—FELRE trivial B, EBE—TIES
HMBER. RFAA, ML P, RE let 5| \WTENEE T LIZE polymor-
phic B, BX E, XHAR—MEENRES], MEN TELHRE:
ML EZMBAXNEBEHH context H polymorphic BYEEY

A SINBZEEREE MR ERPER LR, PRl ML REREAREEE poly-
morphic IS LR, let SINMNTEMN LT F let B body R B L%
BN, REESFEFEM body PEMH let-bound variable FIFEE, FfLL
let-bound variable AJBAH polymorphic BYZEH!,

6.2 Another ML in the World

TERZE ML FE R4 Hindley-Milner KBS EEM presentation 1, E
RX5FH R B2 UEIT LR, 78T, XREBENITE ML F¥F let-bound variable
5 A\-bound variable ;B H—1% “Ia%F° F=5EMAAMM, HEIBSH surface
syntax & B RMARREH variable, SEFRLE, BRIFEITIEFI variable FIX 5!
ERXME R syntax #:

LetVariables > T,7, 2
LamVariables > T,Y,z
Types > A,B,C ==

TypeSchemes > 0= ...
LetContext > M= - |IL,z:0
LamContext > 's= - |Tx:A

ABA ML B typing judgement FIFETNBIIAE AL TT ¢ : [T Ao TEXFHHETEY judge-
ment B, t EMAIMEBFAELRUEHESHMIAMIIRENNES, t HNWHME
FRERI LM ¢t PEMHERNES. ME, ATLUERERESLHM A X—F
{£32 principal BY: X@— 1 tERE A principal EaRHILER,

EXNHEBRSES, typing rules 5§ ML HBEETAXEl, TEEHM
context BXBIJ1E:

F:0ell (z:A) el
Im-z: [0 Imt-z: A
Imkt:[C,z: AlB Imt¢: [0 ILz:0Fw: [T ;
T (\et) : [T](A — B) MF (et i=tinu) 0y <
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M8 syntax EB LA polymorphic type scheme § FIEENX , —R&FKiHE, 6 B9
EX 5K typing rule BIXEERY:

0= Va.A

F'kFt: A a ¢ FreeTypeVars(I') F'Ht:Va.A
I'Ht:VaA I+t:Alaw— B

5|\ polymorphic type scheme BRI E— a ¢ FreeTypeVars(T) BIPRE!
Z, MREEXNRHIZM, B4 generalization FAAJRER IR “id” &
A type variable £ T' 1 A RSB —MEBBEL, 7AW, & context 5
type BE—EZEM—1 typing [[A &, BENATULH—NEMRBERME. RIE
type substitution lemma, YR ¢ : [[A, FBA Ft: [p(D)]p(A) = p([A). 18
T2, FNTATLUBER instantiate X4 universally quantified BY typingo Pl
E typing [ A FBIFRE type variable #A] LB ALE universally quantified A,

BEF TEMME, BITUHE—FEHEE RS, 53 Algebraic Subtyping
REAXBANERRSA, EXPMEBERLAD, polymorphic type scheme HEX S
#BX typing rule =:

6 ::=[lA M= |2:[T]4
m-t¢:[TA
IIF¢:p(l]A)

TE, IEEIMTRERINMMLRRAKZPREFTHIES . let-bound variable BIZE
B (I MEXH) PMEBE T — context, MEZRE let-bound variable
B context A—EHRE! BEREBXNEN, MATBERERTRAM “type” %
F “typing” . M typing BIRAERE, context =—1 term IEFRIEEN—F
o FTUUE term. B variable #RLUEFARRE context, HABEEFE
MNZENER. 7 ML BB RFR, JLFAMEMUBMERZENFRIEAAHEE
HEEIRY contexto TE “type” BIRE T, context BEEA typing judgement HE
B, 8N FRADELZRER— context FHERM, ME “typing” WMAT,
FRIEKH context MAMEEIRE FREAXAEREARIENN, EfIZEHS
TR — TR IR AR R ECEF t w AP, t IS BB o BB AR R —#%,

FRBENGFET ML BIRBRFH—NEFNH (R thesis PHEENME
AR ML E#H encode BY753%) Foxlo MEXMHEERAEUN THMSR:

o FIA typing judgement BE— MR —BFER O F ¢t : 4. t BGIHFE
28 type # type scheme FMHF o

o let-bound variable B context IT FEBEAZ A [ A BY type scheme, lambda-
bound variable B context I' FEBEIE polymorphic BIZEE! A, context H7
ABSHI type scheme 1 type JBESHIE o
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o« — type scheme FBIFFHE type variable &#& B &l universally quantified
B9 (MM let context II RARSEES free type variable, FRLAEMNTFEIER
B¥M) . ABFE a ¢ FreeTypeVars(l') B freshness condition, EZE
& generalization rule ZXSEBREE &Ko

o MMABARFEEEFA LR THREEESH AR E, BEX5D let-
bound context 1 lambda-bound context, FERATEERMRBRI ARSI
BHESAY (Eb30 Algebraic Subtyping) BEANEF),

6.3 5 subtyping BH

BETE, #HELEEMN “S—1 ML” R0 subtypinge *FF let context II, &
LU EERERIZE free type variable BY type scheme, FrLUIRAREBMAZ L
I, BT lambda context I MEMN T XEEFEEN—HD, RINNFEZEES
subtyping ED, AT I sie—HBLE, FITAIUNENEX—1 pointwise
BY subtyping X%

ETRFEATATLUIE subtyping AEEISTEM typing 4 Lo AF T FHEE
S5RBHSHMR, KT consumer, RERM, HITTURSRKSEHEME
subtyping MMRGIEE
TMA= A &T"<TAA=A

WRIB T BEHRZEPIRIE, BAXFMMNETUER “RigHee#HLT, FieH
2RIF s BT [[]A & polymorphic B9, EEE&H type variable & universally
quantified B9, FITENHEEZ EEX subsumption:

[[]A <7 [I"]A" & 3p, p([T]A) = [I] A’
it p=1, AILUEE <V B87 <. FILL, FHITAILAR—KEEFN:

IF¢:[[JA  [D]A <Y [[V]A’
IF¢:[[]A

(sub)

KEIBSALIE generalization. instantiation F1 subtyping! NR7E I < IV BY sub-
typing FRYN “LEH/#sR” (FIaNr <T,x: A) B9FN, FBAZE (lambda
context BY) weakening MM ETLLA (sub) RFE! MEMFIFH, AIUEH
HAFHEB RS LUK subtyping B HIERAS RIE,

BTE, LHNMNZBEMLERAS polarity WEEN, KAK I AHEES
BRIERY S EEBIERELL, polarized BY T RRIERIRIZEBRE negative B FTLA,
— polarized B typing BFZRNIZE [[7]ATe XERLIKLM, let context IT
FREY polymorphic type scheme z2%%8 polarity B PFIAINR (TR AR ML
ERFEBRFZRIEA, B4 type scheme 5 type JESHIE— context 5 polarity
HNEMREBEZAHBERREZEERN,
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&a, HATLIE U A N wEE typing £

MJAU A =[CnT)(Au A)
MJAMIA = [TUT’)(An4)

ST PEENEER—HE, U WNEEEEHNHE, N WNRE, R
EIEhR ML B9 type scheme (Va.4) ERM¥EENXE U M, FAUXXE—NH
LR RFRBIEIL,

6.4 RBWSFHE

£F, fdBKERIERE, FHNIHKEIT Algebraic Subtyping FRIEEES T
B%. #AM, parametric polymorphism + subtyping FHJ principal typing X4
#+EH open problem B4AIEIT algebra LFALBIREME. polar type BIPRHI.
bisubstitution 5 biunification UMFHERARREM AKX —TLTHRRT. M
7E, principal type inference, EMNZKBETF, EEE—FRENRET. T
EE type inference BIAMN—EOFMN, FM >t : [[]AY, WASHEERE
BtRE T t BIEAMM. XF record 1 boolean FIER I HHERET , fREILATE
[& thesis FIXEITENE X!
e let-bound variable:
(&:[[]AT) eIl
O>z2:[[7]AT
HF O FAREE free type variable, FTIAEKIZAR X IRL A sub-

stitution, FEUEFENTFAFEB Algorithm W HARFEIE [I-]AT Y type
variable B2 HTHEY fresh type variableo

e A-bound variable:
« fresh

O>z:[z:aa
BT A-bound variable R ZMEMFERARNFHSHEN, HIXD
variable B &HRHMERNTE A T H 4o

o Al
I>t:[0-]B+
I Azt : [ —z|(T~(z) - BY)

WRT- AREE 2, WA 2 F ¢ PIEBEHI, I (x) EFE fresh type
variable 87 top type T BIE],

o BREUEMR:

Mt:[I7]AT HOowu: [[5]AS
IM>tw: (7 NIy ]a)
HAp ¢ = biunify(A] < A — a), o fresho
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o let:
Ir>t¢: [[7]AT ILz: [[7]AT Fu: [[5]BT

I (let 2=t inwu): [[7 N[y ]BT

AUEE, XLEMNEAZIEETEARN: RBERFKENENS biunification BE5T
BTHERZHNTIE. BE, ATLUIRAXPMEEHRSELINHRZ:

e Sound, BIAR I >¢: [[-]AT, BBA Ot [[~])A',

o B Complete, BIMNRFE [[o) Ao IS ILF ¢ : [[g]Ag, BBAII>t: [[7]AT,
KBS,

« H Principal 89, BIA0R I >t : [[7]AT, BBARFEERR [V]4A, W0R
Mt [IV)A, [[-]AT <V [IV]4%

7 & thesis PFHEHMAS

& thesis F, EIEAT XEESHURE, BT T NS LILBES
PRV EMIRTE, AR E— type scheme, FEIEZEN (via =Y) B
syntax P EFAB—1. & thesis FHIX—HHNBEEFHE T BoivliEL,
= thesis FMENLEEF type scheme BY syntax M HI WA B I, FiEEH
T I Representation Theorem:

A=Y B, HARY Af B B9 EaH#EEZE—] regular languages

T2, FrEEasVIBCFRTFEAXEVNE AT LA FEHEE, mMAT
fITAYIEFA 1 BEEIT Representation Theorem BEHIREIRFE, R thesis K@ B
sHASEH Y S EY biunification MK subsumption #0&, XFI& Algebraic
Subtyping & NEMREARN, XLENBLREIFEEEN, BEREMAINS
BT syntax HIRIEMIEIE LI heuristic BYEEE A AT LUXAABIARY B 89,
FRUAREIR thesis FEINBIAEZGFZ MM, HIUNPRT Representation
Theorem X—1EERG UIINABFXE B, FIUXBEERHRITENREN
MERBHRARNERN XL ABE EBRIERE,

8 —L AL

THHNARZRZEEEREMNANMS, 5 thesis BREEMXFR. THEXR, B
thesis B9¥E#& Stephen Dolan SRFERNKA, E—IEE principal BIH AR
RT —NZBER open problem, MEYS AR “principal” MRKEEI1EHIT
BRI HMER RFEMILITH, BREZNENE KRB FTLL, FHIAA Algebraic
Subtyping )%_ET%j(E'\JIﬂE, EEEZHIE (BUREFAREXAKNXY
ENEBET)o

ABA, Algebraic Subtyping FIHIIZE EBKE subtyping A URE£E R ML,
A FP ESHNEMER ALK TIR? RER, BHAAXAINA. FBHARE
ALgebraic Subtyping, MM7ETF subtyping &8, Subtyping fEA “IEB FRYEK
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E1” NEBRERIEE R, B HBRBMRIAXWENRANZE £8Y, subtyping
BMEREKARTESAFER. FHiIAN, BFIB subtyping RFIHERT T X ZHY termo
B, X%, MIELXL. BHTF subtyping BRBEIRNAELZERT @S u. n.
THM L), FZHERETRHENN. FRIZWIEZH term MBEERIESZ, M
XN E2RERGEELEBAFNZITUATFEEE S, I equi-recursive type B
R B KRERERMBXFEN—MIF.

tt5bh, subtyping SHMIEBESHAEN RN MK AR KA, MK— P LEEEH
RWAENRE, equality B—MELZE. BEEEMNEN, FRTUET equational
reasoning E AL S KEDES EERZERB MR, MKA T subtyping
XEE FRRTLEN, EREFREMINES et AR RN E e
o —PNEABIEYFIF R TR reference cell ref(A4), EX A & invariant Y,
subtyping ¥ A FiEA, KA reference cell BIR[IEX A]E,, Algebraic Subtyping
BUMEZR P AT/ A 2 #F invariant BY type constructor, M4 X ZFE A invariant
B9 type constructor ERZASFAIZEFEMA subtyping TFEM order theoretic BILE
¥, Algebraic Subtyping FIRHIIRERNE (— N BAUFIMEENNE) 218
ARDRATEMBATENRNEE, XEFFEMRR variance BRI, IFFEE
REAERANES. AN, EHSFERBTEERK. BWIEM: F4 subtyping
RATFEM. Algebraic Subtyping i3l Ef#/RHY R,

FRLL, EFEBR, subtyping FIBRRNEREIR, EERKNBEE, RS
A AMNREEFEFMES KIARIE. AiZ, Algebraic Subtyping 3E_E T &R
KEAM. £R meta theory MR, HEXEES| A I subtyping BI—IR#
— SR AMEA SRR
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